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“If photons study physics, maybe they would come up with spinors”
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Quantum Field Theory I 1 The Need for Fields

1 The Need for Fields

In this section we will see where regular quantum mechanics fails and what we need to do to fix it.

1.1 Non-relativistic free particle

e We can recall from QM that the probability of a particle at point x at time ¢ propagating to =’ at time
t' is given by: A
(] e 1) (1.1)

)
Here H is the Hamiltonian. For a Non-relativistic free particle we have that H = P~ /2m. We can then
go about solving dor this propagator with this Hamiltonian in the usual way. This involves inserting
3
the identity [ (gT’)’g Ip) (p| =T into the above propagator efore the |z')

—i 4t d3p _iﬁ 4
(al 01!y = [ G E ol e E 0 ) ol

. ’ . . p2 ’ . p2 /
Then if we recall that (p|a’) = P> (z|p) = e"P* and e~ im (t=t) Ip) = e~12m (=) ). We get:

3
<l" e—iH(t—t’) |:E,> _ / (;l ])93 e—i%(t—t')eip.(x—x’)
™

3/2 . x—x' 2
_m e (2(154'))
2mi(t —t')

e What this is saying, is that for any two points x and z’, no matter how far they are separated, have a
non-zero probability of propagation from one to another. But this is direct contrast with what we know
from special relativity! Two points separated by enough distance so that there space time interval,
As? = (t —t')? — |x — x/|? is negative, i.e. space like. Which would require a propagation speed faster
then light.

1.1.1 Non-trivial Gaussian integral

e In the above calculation we have to evaluate the following integral:

/ - e~ (Ptia)® g,

[e.9]

Now we may think we can just make the substitution u = p + ¢a, but since we are involving complex
numbers, we get a non trivial problem with the limits, as they change to oo — ia and oo 4 ia. What
we can do instead is calculate the integral of a closed contour. Since the integrand above has no poles,
we know that any closed contour on the complex plain should evaluate to 0. What we will do is then
modify the limits of our integral to be from —q to g, we will take the limit at the end to recover what
we got. We can then integrate along the following path: We start at ¢ + ¢a and move to —q + ia, then
from —q + ia to —q, from —q to ¢ and from ¢ to ¢ + ia. This is a closed contour, that we will call C.
We then have that:

—q+ia 0 ) q a )
0:/ ezzdz:/ e(x)de+/ e(q“y)Qdy—i-/ exzdx—i-/ e~ at) gy
C q+ia a —q 0
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Quantum Field Theory I 1 The Need for Fields

We can then immediately argue that the second and fourth integrals should vanish when we send ¢ to
infinity. Then the first integral we can reverse the limits and pick up a minus sign so:

q+ia q
/ e~ (@ gy = / e dy = /7
—q+ia —q

And then finally now we can make a u-substitution of the LHS, to get back our original integral! So
we can see in this case that since the two ends of this contour vanished in the arge ¢ limit we are
essentially able to move our contour up and down to get the regular Gaussian integral.

Relativistic free particle

e But we can chalk this up to a mistake. We were not considering the Hamiltonian of a relativistic

free particle. That is, with the Hamiltonian H = \/P? +m2. The propagator in a similar manner to
before then becomes:

<LE| e—i\/ P2ym?2(t—t') |$/> _ /<

—i/ P24m2(t—t) <p|$/> d3p
(2m)3

3
:/(d Z)jgefi\/m(tft’)Jrip-(xfx’)
2w

zlp) e

We can then parametrize the angle part of this integral by letting 6 be the angle between p and (x—x'),
we can also further parametrize this with n = cos6:

- oo .2 1
(ale VT 1 — édf [ e VTR
™ -1

_ /°° p*dp _Z\/,m(t_m¥(eimx—xw_e—imx—xw)
o (

27)? ip|x — x|

We can then turn this into an integral from —oco to co with a factor of 2:

- e G (12)

71'2|x x

1.1.2 Laplace steepest decent

e We can then use a useful approximation of integrals of this form by expanding around critical points.
That is points zp where f’(x¢) = 0. The approximation is as follows, for a critical point zg of f(z):

N\

/ " h(@)eM @ de = / " h(@)e AV @ @) a0+ 00" gy

o " 2T
~ Bz )eAF@) / o~ AR o) l(@—20)? gy — Bz ) AT (@)
o) - FITEEnTi

e Where we have assumed z is a global maxima so that f”(zg) < 0. This approximation works well as
the exponential ensures that any small deviation from xg contributes very little to the integral. It of
course depends also on h(x) being ”well behaved”.
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e Back to the relevant integral we can see that for us f(p) = —iy/p? +m?(t — t') + ip|x — x'| and

h(p) = p. So we find the stationary point of f(p) via f'(pg) = 0:

m2|x—x'|2
(t—t)% — |x — x/|?

—po(t —1t")

Then we can evaluate f(po):

m2|x — x'|? m?|x — x'|?
— 2t —t') +i
f(po) Z\/(t—t’)2—|x—x’|2+m ( )+ (t—t)2 —|x —x|2

_mllx—x - <t—t'>>__w,x T

V=X (1)

Where we have used the fact that we are considering probabilities outside the light-cone, i.e. where
|x — x| > (t —t'), so that the square root \/(t — /)2 — [x — X/|2 = i/|x — X/|2 — (t — t/)?

+x—%|=0 = pi=

f'(po) =

With this we can now use Laplace’s steepest decent integral approximation to write:

(x| eV Pm? (1=t |2') o h(pg)e! P0) o e~ VIX—XP=(t=t)2 ]

This again does not solve our problem, we have that there is a non-zero probability of propagating to
outside the light-cone. Some more radical approach is needed to solve this problem.

1.2

Field theory EoM

The Idea will be to go from dealing with particle, to waves. For this we need to generalize our idea
of action being the integral of a Lagrangian over time to being the integral of a Lagrange density over
time and space as a field is spread out, not localized. This means:

S = /L(qi,qi,t)dt% /d4x£(g0(x, t),0up(x,1))

We then have to vary this action to set 4S5 = 0:

5L 5L 5L 5L
_ [ (L _ [ (9L
05 = /d ! (&05@ 5%@58“@) /d ! <5<P Ou (MM)) o

oL 9 oL
dp "60,p

=0 (1.3)

Where we have integrated by parts the second term.

1.3

Non-degenerate Lagrangian

It is often the case, that when we have constructed our Lagrangian, that we would like to perform a
Legendre transform from the variables ¢ and ¢, to ¢ and p. This is gives us our Hamiltonian and takes
the form H = )", pi¢; — L(q, ¢). In doing this we are required to solve for ¢ in terms of ¢ and p. But
this is not always possible, for example given the Lagrangian L « ¢ = p = 8—L =1, so we are unable

to solve for ¢(p,q). It turn out the condition for us to always be able to solve for q is as follows:

-7 -



Quantum Field Theory I 1 The Need for Fields

If we denote the matrix M;; = %, then the condition becomes, we can solve for ¢; <= det(M) # 0.
The Lagrangian can then be written as:

L= Z M;;0¢'0¢°, and ¢ = Z M 'p;
[2¥) J

This is called a Non-degenerate Lagrangian.

1.4

Hamiltonian field theory

We wish to find a Hamiltonian for our field theory. The best way to go about extending our definition
of H = Y . pigi — L(q,q), is to think of space as a discretized space, as we had the co-ordinates ¢
indexed by i. We can then calculate:

oL 0 .
X)=— = — L , 3y = m(x)d>z.
) =733 59 Zy: (0(y), 6(y))d’y = (x)
Where:
m(x) = 32(6() (1.4)

This is called the momentum density conjugate to ¢(x). We can now write the Hamiltonian as:
H =Y px)d(x) - L
X

Which in the continuum limit becomes:

H= /d%[w(x)q;(x) — L] = /d%% (1.5)

1.5

Noether’s Theorem

We are used to Noether’s Theorems relation between symmetries and conservation in the context of
particles. We will now discuss this in the context of fields. If we have an infinitesimal transformation
of fields taking the form:

$(z) = ¢'(x) = ¢(z) + a ()

Here « is small. This transformation is a symmetry if it results in the same EoM, i.e. leaves the action
unchanged. This means the Lagrangian must be the same up to the addition of a total derivative,
which in this context is the 4-gradient:

L(x) = L(x) + ad,T" (x)
Where J* is some 4-vector. We can then find the expected form of AL(¢,0,,¢):

oL

oL oL
_(%(

alg) + (‘W) Iu(aAg)

o 5] o35 )|
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Quantum Field Theory I 1 The Need for Fields

We can then recognize that the second term vanished via our EoM so we can set the remaining
term to a0, J*(x), which is equivalent to:

oL
a'u‘ju(.iv) = 0, fOl“ ]M(l') = mAqﬁ — jﬂ (16)
"

If the symmetry involves more then one field the first term above should be a sum of those terms, for
the different fields. This conservation law also implies that there is a charge constant in time namely:

Q:/jod% (1.7)

1.6

Stress-Energy Tensor

We can also consider transformations of space itself, for example, translations or rotations. This takes
the for x# — 2 — a*, which has the following affect on the fields (when infinitesimal):

d(x) = d(x +a) = ¢(x) + a”0uo(x)

The Lagrangian must also transform in the same way as it is also a scalar:
L(z) = L(x 4+ a) = L(x) + a"0, (6L L(x))

We can then recognize the 8, L(z) as ~ J* from however since the change in the scalar field became
a vector A¢ — 9,¢(x), then we must add a second index to our J# — J H . This is for the reason for
the 65 in the above expression and means our conserved vector j* becomes a conserved tensor of the
form:

ouTH(x) =0, for TH(z)= 6(2645)81@ — 8L
o

This is the Stress-Energy Tensor also called the Energy-Momentum Tensor. We can then notice that
the conserved charge associated with the time translations is nothing more then out Hamiltonian:

/T00d3x = / (Zgé - ﬁ) Br = /Hd%c =H

Similarly for space translation the conserved charges are the physical momenta, not to be confused

with the canonical momentum.
/ TV 43z = / Pid3z = P;



Quantum Field Theory I 2 The Klein-Gordon Field

2 The Klein-Gordon Field

e We ease ourselves into the concepts of quantum fields with the discussion of the Klein-Gordon field.

This is one of the simplest types of fields and its use becomes obvious when we see the EoM, which
is just the Schrodinger equation but made relativistic by replacing p? /2m — / p? + m2. We will see
more of this later.

The Lagrange density for the Klein-Gordon field takes the form:

1 2
L= 50.60"6 — -6 (2.1)

From this we can calculate the momentum density via to get 7 = ¢. And thus via the
Hamiltonian density is:

H == (7" + (V¢)* +m?¢?) (2.2)

DN |

The equations of motion can also be calculated easily via resulting in the Klein-Gordon equation:

(0,0" +m*)p =0 (2.3)

This 0,,0" is often denoted L. As an aside, if we "make” the Schrodinger equation relativistic, i.e.
p? +m? = E? and use the definition of the operators i0;t) = E¢ and p = —iV, so: —V? +m? = —97,
recovering us the above Klein-Gordon equation.

2.1

Second Quantization

We will now see if we can “quantize” this field. What we can do to help figure out how to do this is
to take inspiration from the quantization of the single particle Harmonic oscillator in QM. This works
nicely as we can see the Lagrangian density for the Klein-Gordon field[2.T]resembles that of the harmonic
oscillator. By quantize here we mean to reinterpret the dynamical variables as operators that obey
canonical commutation relations, like [p;, ¢;] = 90 ;, [gi,qj] = 0 = [pi, p;]. Instead however ¢ and 7 will
become our operators and we will require that [¢(x), 7(y)] = id(x—y), [¢(x),d(y)] =0 = [7(x), 7(y)].
This procedure is often called Second Quantization to distinguish it from the old one particle version.

Our goal is to now find the spectrum of the Hamiltonian. We start by taking our field ¢(x) and writing
it in terms of its Fourier transform to momentum (p)-space

3 .
o) = [ i Frotmen

Here we also require that ¢(x,t) is real so ¢*(p) = ¢(—p) Then using the Klein-Gordon equation
we get the condition:

07 +p° +m®] $(p) = 0
Where we have acted the —8? from O on the exponential to pull out the p? This equation of motion
is the same as that of a harmonic oscillator with frequency wyp = /p? + m2.

We now recall from QM that in order to solve the harmonic oscillator we introduced the creation
(a') and annihilation (@) operators, so that we could write § = \/%—w(d +a') and p = —iy/%(a — at).
This then meant the Hamiltonian took the form H = 1(p* + w?¢?) = w(a'a + 1) and also that the
commutators were: [H,a'] = wa' , [H,a] = —wa and [a, a!] = Z.

- 10 -



Quantum Field Theory I 2 The Klein-Gordon Field

e This can be done for our field ¢, except we have to consider that ¢ = \/%(d + a') is a function of

momentum as for us we have wp = y/p? + m?. We can then recall that since we expect ¢ to be real we
require that ¢'(p) = ¢(—p), this means we should have ¢(p) o ap, + aT_p as then ¢(p)’ o ai, +a_p x
¢(—p). This means our corresponding expression for ¢ should take the form:

d(x) = / (;1;:;?’21(,01, (ap + aT_p) P (2.4)

m(x) = —i/ (;ljr]))?) \/w?p (ap - aT_p> P (2.5)

We can also think of this expression as each Fourier mode of the field being treated as an independent
oscillator with its own a and af (which will also be a function of the momentum). We can then isolate
the second term in this integral and change p to —p, since we are integrating over all momentum space,
this just results in the signs of the p’s in the term changing so we can write:

o(x) = /(3?33\/;7;, (apeip'x + a;f,e_ip'x) (2.6)

In a similar manner the momentum density can be written as:

m(x) = z/ ((21737]))3 \/u;»p (apeip’x - ane_ip'x) (2.7)

2.1.1 Commutators

e We can then go about checking the commutator [¢(x), 7(x’)] = id(x —y) which should be equivalent to
the the new creation and annihilation operators satisfying [ap, L ] = (2m)35(p — p’). Using the above
definitions [2.4] and [2.5] for this calculation is easier, resulting in:

N Epd’y [0y —aal t _(—gt f i(px+p’-x')
[6(x), m(x)] = 2/ 2\ o [ apal, +alyap — ( ap,a_p+apa_p,)]e
i [ Epdp [y p———
oty | (2.8)
=—2/ s \ o P (27)° [~6(p +p) — 6(p + p')] e/ PHPX)
P
3, ,
- Z/ (gl];?)ezp'(x_x ) =ib(x —x)
7

Where we have used the fact that wp = w.p by definition. We can then also calculate the Hamiltonian
via

- 11 -



Quantum Field Theory I 2 The Klein-Gordon Field

We can then notice that the x part of this integral creates a delta function [ dBre™ (P+p) — (2m)38(p+
p’), so p = —p’. This allows us to write:

m-t / (;“;w [ (ap — aly) (o — a}) + (ap + aly) (a0 + )]
— ;/(;lj&wp [apa;r, + airpa_p}

We can then for this second term do the same trick of changing p — —p, which does not affect the

integral’s value as wp = w_p. Then also using the fact that a;f,ap = apai, — [ap, a;r,] we get the final

result that:

d3p 1
H = /(27T)3wp [apa;r) — §[ap,ai,] (2.9)

If we stop to think about the second term in this expression we realize something strange, [ap, aI)] =
(27m)38(0), which is and infinite constant (constant as in it wont affect any state we act H on). But
since this is constant we can never measure it experimentally as we only ever measure the energy shift
between two different energies. We can also think of this as the zero point energy for each point in
space, except that we made this space continuous resulting in infinite many oscillator ground states,
so what did we expect really? This means we can ignore the second term in 2.9

To make sure everything is consistent we also check the commutators, [H, aT] = waL , [H,ap] = —wap:
dp' f f
[H, ap) = / Wwpr {ap/ap,ap — apap,ap/}

d3 /
= /(271’)3wp/ [ap/apap, — ap’ [ap,ap,] — apap’ap/
= —Wplp
T

Here we have used the fact that [ap,ap] =0 = [a;r), ay ] to make the first and last term cancel. The

commutator [H, a;r,] = wpa];,, can be calculated in the same manner.

We can now start to think about the creation and annihilation operators as their name suggests. The
ground state is |0) st. ap|0) = 0 and has E = 0, where as acting with aI, increases the energy. These
operators clearly depend on momentum p so we can think of them as creating (and annihilating)
momentum eigenstates.

2.2

Particle creation

The next step is to see if we can write out all the possible momentum states as powers of the creation
operator a;r,. The question is then what is the choice of proportionality? We should of course have that
the states are normalized, that is (p|p’) = d(p — p’). This however, leads to a problem, namely that
this quantity d(p — p’) is not Lorentz invariant. To see why, consider a boost along the z3 direction.
Using the property that o(f(z) — f(x0)) = d(z — x0)/|f'(x0)| we have that if we boost from momenta

- 12 -
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p.p — D, P’ ,s0 that ps = y(p3 + SE) and E = ~(E + 8p3). Then we have that:

dp d FE
5(p—p')=d(p - ff)d% = 5(p - p) 3;3 AE)
=365 (1465 ) =06~ 5) 3 (B + i)
=5~ B)7

Where we have used E2 = |p|2 + m? to do the second last step. We can see from this that if we choose
the normalization |p) = /ZEPaI, |0) then (p|p’) is Lorentz invariant, as needed.

With this we can consider the action of ¢ on the ground state |0). Via this becomes:

3 .
00)10) = [ s e ™ Ip)

Where from here and now on we replace wp with Ep,. This is similar to the Fourier expansion we have
of |x) in regular QM, except for the factor of 1/FEy, which is almost constant in the non-relativistic,
so we can put forward the interpretation that the operator ¢(x) acting on the vacuum |0), creates a
particle at position |x).

2.3

Time evolution

We would now like to turn our heads to adding time evolution to our fields. So far we have been
working in the Schrédinger picture and interpreted the resulting theory in terms of particles. We now
switch to the Heisenberg picture where it is simpler to add time dependence.

We know the time evolution operator is a unitary operator U(t), st. ¢(z) = ¢(x,t) = UTe(x)U. For a
time independent Hamiltonian we just have the usual U = e~ If we want to calculate ¢(z) we will
need to know what a(p,t) = efltape™! is. We know that [H,ap] = —Epap. So we can write:

Hap = [H,ap| + apH = ap(H — Ep)
= H"ap =ap(H — Ep)"

Where we can do the last step as H commutes with both itself and Ep, so acting with further H’s

from the left only yields more of the same factor. Similarly this means H ”ai, = aL(H + Ep)". This
then means that:

ethapefth — apefiEpt’ ethaI)efth — a'lf)efiEpt (210)
This means using [2.6| we can write ¢(z) as:
d3p 1 —iptx t iptay
o) = (2m)? \/2E, (ape " ape ) (2.11)
P

Where in the 4-vector (which we often just write as p or z) py = Ep.

Peskin has the following nice interpretation of this equation: “A positive-frequency solution of the
field equation has as its coefficient the operator that destroys a particle in that single-particle wave-
function. A negative-frequency solution of the field equation, being the Hermitian conjugate of a

- 13-



Quantum Field Theory I 2 The Klein-Gordon Field

positive-frequency solution, has as its coefficient the operator that creates a particle in that positive-
energy single-particle wavefunction. In this way, the fact that relativistic wave equations have both
positive- and negative-frequency solutions is reconciled with the requirement that a sensible quantum
theory contain only positive excitation energies.”

e We can also use the Heisenberg equation of motion, which states that for an operator O, z = [0, H].
This allows us to calculate z%( %) as it must equal [¢(x), H]|, with H given by [2 l

Za@g(tx) _ ,;/de/ (7’['2(561)4- (V¢(m’))2+m2¢2(37’))]

2.4 2-point correlation function

e With all this formalism we now see if we can solve the problem of causality. That is, does (x,y) vanish
for y outside the light cone. In the above formalism, (x,y) takes the form (0| ¢(x)p(y)|0). This is our
propagator and will be denoted D(xz — y). We can use to write this as:

Ppd’p’ 1 : : - -
D(x —y) = / (0] (ape_’p'”" + ane’p'””> (ap/e_’p Y+ aL,e’p 'y> 0)

(2m) 2, /E, Ey

d3pd3/ 1 + (!
— (0] apal, |0) P y—p-x)
/ (27'[')6 2 EpEp’ p

d3p 1 —ip-(x—
= D(x—y):/(QW)SQEpe p(@=y) (2.12)

Where in the first line we have used the fact that (0jap =0 = a;r, |0) and in the last line we have used
a corollary that (0] apaL, 10) = (0| [ap, aL,] |0)

2.4.1 Time-like separation

e If we consider a time like separation, that is 2° — y° > |x — y|. Then we can always boost to a frame
where 20 — ¢y =t and |x —y| = 0. This is just boosting to the frame of the world-line. The above
expression for D(x — y), in u 2.12| becomes:

00 2
DG —9) = iy [ o e
(2m)° Jo 2y/p? +m?

If we look at this integral in the limit as ¢ — oo, then we can see that this is a stationary phase problem,
i.e. the exponential oscillates fast around around the unit circle averaging to 0, and only becoming non-
zero where the function \/p? + m? is stationary. This occurs when %\/pQ +m?2=0 = L —

\ /p2+m2
0 = p=0. So we can Taylor expand the terms 1n this integral around p = 0. Using the fact that

7~ §el p?
VpE+m m—|—2m and p2+

47 © p2 p?
Dz —y) = AT % g mitmt £
(z—y) 2(%)3/0 p e 2

47 o0 p2 . p2 . .
— dn=— —i5—t —wmt _, ,—imt
s () e ) e

- 14 -
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Quantum Field Theory I 2 The Klein-Gordon Field

The integral in brackets is just a Generalized Fresnel integral, the main behavior as ¢ — oo is given by
efimt'

2.4.2 Space-like separation

e If we consider a space like separation, that is 2° — 3° < |x —y|. Then we can always boost to a frame

where 20 — 4 = 0 and x — y = r. Then we can write as:
1 1 .
D(zx—vy) = /d?’pelp'r
=G | e
_2m e —e

o) p2
d -
(273 /o YoV rmE ipr

—1ipr

T

_ i /OO d p ip
= - P—F——=
2(271’)27‘ —00 \/]72 + m2

Where in the first step we choose our angular integration variable 6 to be the angle between p and
r. The last step is then a result of taking the second term and changing p — —p. This integral is
non-trivial and the manner in which Peskin explains it is not quite correct. For a discussion of this
and a solution of the behavior as 7 — oo see the answer to this stack-exchange post.

mr

Anyway the behavior as r — oo is D(z —y) ~ e ™", ie. we still have the problem of non-zero

propagation outside the light-cone.

2.5

Measurement

Perhaps we have been thinking too classically about the situation. If we think about quantum mechan-
ics, what matters is measurement. We should be asking if I perform a measurement, can it possibly
affect another measurement that occurs outside my light-cone and visa versa. This means we should
instead be calculating the commutator of ¢(x) and ¢(y). i.e. does it matter the order in which we
perform on the field at two points that are outside the light cones of each other. It is easy to see that
by definition (0| [¢(x), ¢(y)]|0) = D(z —y) — D(y — ). So we can easily write this down as:

3 . .
01 8(a). 0] 10) = [ g (e — o) (213)

There is a nice argument for why this vanishes for points that are space-like separated. If we pick two
events x and y, that have space like separation, so (z —y)? < 0. Then there exits a continuous Lorentz
transform from (x — y) to (y — ). It is continuous as it at no point has to cross over the light-cone
boundaries. (Easiest to picture this with SO(1,2)). Then since D(x —y) and D(z —y) must be Lorentz
invariant, we must have that D(x — y) = D(y — z), so the commutator is 0 for points that are space
like separated! Causality is maintained!

David Tong has a nice comment on this: “There are words you can drape around this calculation.
When (x — y)? < 0, there is no Lorentz invariant way to order events. If a particle can travel in a
spacelike direction from = — y, it can just as easily travel from y — z. In any measurement, the
amplitudes for these two events cancel.”

What he means by this statement that due to spacelike separation there is no agreed upon temporal
ordering as these two points are not causally connected. Thus the amplitudes for the propagation from
x — y is the same magnitude as the propagation y — x, but they cancel due to the commutator.

- 15 -


https://en.wikipedia.org/wiki/Fresnel_integral#Generalization
https://physics.stackexchange.com/questions/758661/what-is-the-missing-part-of-the-argument-needed-to-justify-the-claim-of-2-52-i

Quantum Field Theory I 2 The Klein-Gordon Field

e Another interpretation is that the propagator creates annihilates a particle at x and creates another

particle at y. This of course must then obey the laws of special relativity, that being that this propa-
gation cannot happen over space-like intervals.

2.6

Klein-Gordon Propagator

We can actually find a better expression for the propagator D(xz —1y) given by Let us first consider
manipulating the following integral:

3 0 3 00 0
/ dp (AP’ —1  ipay) _ / D eiw-y) / . = e (2,14
(271')3 2 p2 —m2 (Qﬂ)?, o 271 (p0>2 _ p2 —m?2

This second integral on the RHS is an integral along the real line and has two poles at p° = tFp,
where EIQ) = p? + m?. We can see they are simple poles by expanding with partial fractions i.e.:

1 1[ 1 1 ]
(po)z—Eg 2E, [P+ Ep  p° — Ep

To solve this integral we have to shift the poles by a small amount ¢ below the real line so that we
can apply the Residue theorem. We will then take the limit as e — 0 to obtain the true result. Our
contour for this integral will be a semi-circle that goes along the real line and then loops background
either in the upper half plane C; or the lower half plane Co. We will show then that the integral on
the circular part does not contribute as we send the radius of the semi-circle R — co.

To decide which path to use we have to look at the form of the e~ (@ =y°) part of the integral, since
we are considering the complex plane kg is complex we can write this term as:

e~ (@0 —y%) _ o—iRe(p)(x°—y") JIm(p°)(x"—y°)
In the complex plane along the curve the imaginary part of p' gets sent to infinity so in order for this
term to not contribute, we have to use the path Co when 2° — 4% > 0 and C; when 2° — 3% < 0. We
can then go ahead and apply the Residue theorem. For now we will assume z° — 3° > 0, so we use the
path (5. This means the following integral is a closed path around a simple pole, so we can apply the
Residue theorem:

0
AP —ip®(0—y) 1 ti( Bpic) (10—y°) _ jiBp(a®—y0)

I =i S S
=) P P L (Bp +i€)  es0”

This means we can write our integral [2.14] as:

3 0 3
/ d P /dp -1 e_ip.(x_y) = / d p eip'(x_y)M
(2m)3 ) 2mip? — m? (27)3 2E,

Ep 1 (i) ipa—y)
- / (27)3 2B, (6 — e )

Which is exactly what we had in SO we can say our proposition integral is the same as
(0] [o(x), p(y)] |0). We should note that in the last step we have relabeled the p integral multiplying
the I, integral, from integrating over p to —p. We also have set p° to Ep. This allows us to write:

d*p i
2r)i 17— m?

(01 [6(x), 6()] [0) = / e~ =) (2.15)
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2.6.1 Advanced/Retarded Propagators

e The above calculated propagator which we showed was the same as D(x — y) is actually one of
many propagators. The one we calculated is actually called the retarded Greens function as we assumed
20 —y" > 0 so we only considered measurements propagating from the past to the future. If we instead
had 2% — y° < 0 then we would have had to have chosen the contour C; in the upper half plane, but
then since our poles were shifted into the lower half plane now our contour does not enclose the poles,
so our integral must be 0. With this we can conclude that the Retarded Greens function can be written
as:

Dr(z —y) = 0(z° —y°) (0] [¢(2), $(y)] 0) (2.16)

Where 0 is Heaviside’s step function. We could have also shifted the poles in the upper half plane
and then required that 2 — 3° < 0 for the integral to be non-zero, thus we can similarly define the
Advanced Greens function, as:

Da(z —y) = —0(y° - 2°) (0 [¢(), &(y)] |0) (2.17)

This function is usually not used though as it corresponds to measurements propagating from future
to past.

2.6.2 Feynman Propagator

e There is one last propagator that we can construct by a combination of the others. What we can do
is shift one pole down and the other up. This way both of the paths C; and Cs only enclose a single
pole. We usually choose the convention of shifting the —FE}, pole down and the other up. This means
that we have to use the Cy contour when z° — ¢ > 0 and the C; contour when z° — 4% < 0. This
means the Feynman Propagator is:

T — z0 0
Drlw—3)= ggyii xozzo
y) 10) + 6(y° — 2°) (0] ¢(y)B(x) |0) (2.18)

= 0(z° — ") (0 p(x)(
= (0] T{p(x)¢(y)} 0)

Where in the last step we have defined the Time ordering symbol T'. We can write this in a nice way
similar to 215 as:

d*p i i (a—
DF(x_y):/(27r)4p2_m2+i€€ p-(@=y) (219)
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3 Representations of the Poincaré Group

3 Representations of the Poincaré Group

e We are quite familiar with the Lorentz group SO(3, 1), that generates rotations and boosts. In general

we can find Lorentz invariant quantities by finding anything that is a scalar, i.e. all its indices contract
such that it can’t change under transformations. This is an excellent method for finding invariants, but
it does not capture everything. For all Isometries (distance preserving maps) we need to extend the
Lorentz group to the Poincaré group. This is nothing more then the semi-Direct product of Rotations
and translations in RY3. This is usually written as P = R x O(1, 3).

A general transformation of the Poincaré group takes the form z# — A", x” + a*. So the elements of
the group take the form:

CLO
al
CL2
a3

0 0 0o 0 1

3.1

Group actions

We would like to be able to classify how fields, as well as other quantities transform under Lorentz
Transformations. To aid with this we can use the fact that each of the transformation matrices A", is
an element of the Lorentz group SO(1,3). Then if we take the perspective of active transformations
we can think of the action of a Lorentz transformation as not affecting a single particle, but as acting
on the manifold of spacetime itself. This is then a group action.

This Group G acting on the manifold must then be a Lie group and must act on the elements of the
manifold M such that:

— There is, associated with each of the elements ¢ € G a diffeomorphism from M to itself, x —
Ty(x), x € M. Such that 7,7, =Tgn Vg, he G

— T4 depends smoothly on the arguments x and g.

This first condition is actually quite constringent as we will see later.

3.1.1 Left actions

e For elements of a manifold x € M, we can define the following Left action of a group G as:

r—=1 =gz
—=a"=h-g-a=(h-g)

As can be seen in the last line, this action satisfies 7,7, = Thg-

3.1.2 Right actions

e Similarly we can define the Right action as:

x—>x’:$-g*1
— 2" =z-g - hl=x(h-g)!

As can be seen in the last line, this action satisfies 73,7, = Tx4. Note this could not work if we didn’t
change to the action by inverses.
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3.2

Transformation of fields

e Equipped with the above tools, we can now go about considering how the fields transform under active

transformations. If we have a field ¢(z) for x € M our manifold of spacetime. Then under active
transformation these co-ordinates z transform via x — 2’ = Az. For now if we denote this matrix A
by g as it is an element of a group, then we can consider the transformation of the field ¢ as:

¢(z) = ¢'(z) = ¢(g - @)
= ¢"(2) =¢'(h-2) = (g (h-2))
But this does not respect the order we needed from a Lie group, namely here we have 7,7, = Tgp,. To
fix this we can take inspiration from the definition of the Right action above and say that if we replace
g with ¢g~! then we have that ¢"(z) = ¢'(h"'-z) = ¢(g7 - (h~'-2)) = ¢((h-g)~' - x) as needed. Thus
we can say that the fields must transform via:

¢(x) = ¢'(z) = o(A™! - 2) (3.1)

3.3

Lorentz Group

Let us remind ourselves what we know about the Lorentz group. It can be described as the space of
operations that leave the quantity z,2* unchanged. That is if 2# — 2/ = A", z¥, and the raising and
lowering of indices is governed by the Minkowski metric such that zj, = 2#7,,2", then we can write
that:

ztna’ = ot = x;a:'“ = w'“nwx'”
= A“axanWA”rg:rﬂ
= Nap = MNonuw A’ (3.2)

Where in the last step we have relabeled some indices to get an equality. This last statement is often
used as the defining definition of the Lorentz group.

We should also note that swapping which order we have the indices, transposes our matrix as that is
the definition of transposing. So if we want to write The above equation in index free form, we
have to swap the indies on the first Lambda resulting in 7 = ATnA. We can then take the determinant
of both sides to see that det(ATA) =1 = det(A) = £1 as det(AT) = det(A). A Lorentz transform
is called proper if det(A) = 1 and improper if det(A) = —1.

If we look at just the n°° = 1 term we know 7% = Aoano‘ﬁAOB = (A%)? — (A%)? = 1. So we then
have two cases, A > 1 which is called orthochronous or A% < —1 which is called non-orthochronous.
The Lorentz Group contains Rotations, Boosts, time reversals/space reversals and space-time rever-
sals. All of which fall into one of the 4 categories of being orthochronous/non-orthochronous and
proper /improper.

3.3.1 Generators

e We can find the generators of these transformations by considering an infinitesimal transformation,

A", = 6%, + €¥,. For this to then satisfy we then have that:

Nap = (5Ma + Eua)n,ul/(éyﬁ + EVIB)
=Tag +Eapf T EBa + 0(62)
= €aB = —EBa
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So the generators must be anti-symmetric.

e If we then have some transformation that is parametrized by some small parameter A then we can find
out what the generator for that transformation is via:

d
MM = —A(\;
dA ( Hu” V) o

Where by saying A is a function of p and v we mean that A has a different matrix structure for each
of the different types of transformations. i.e. one for each possible rotation direction (which requires
two indices p and v describing the plane on which the rotation is happening). Recall also that boosts
are just rotations with one of the indices being time. This means that each M*” is an anti-symmetric
4 x 4 matrix. We can write these explicitly as:

(M7 ) = i — (33)

e To recover the full transformation generated by these generators we have an infinite number of infinitely
small steps so:

N
1 1 g
A= lim (I4 —w, M) =ezwwM
N—)oo( + 2N e >
Where here w,, is an anti-symmetric tensor containing the finite shift corresponding to each transfor-
mation as we define the generators M to be anti-symmetric. We also have a factor of 1/2 as there
are two terms when you sum w,,,, M.

It can then be shown that these generators follow the following commutation relations:

[ (M, Mpo] = nppMyo + Mve Mpup — NuoMup — 1up Mo (3.4)

This can be shown from the matrices that one gets from[3.3] We can recognize that the boost generators
are just the K; = My;, ¢ =1,2,3 and the rotation generators are L; = %eijijk 1,7 =1,2,3. Where
the rotation generator, L; generates a rotation in the j — k plane. It can then be shown that the above
commutators lead to the regular commutators we are used to. Namely:

[Li, Lj] = €Ly
[Ki, Kj] = —egjiLy, (3.5)
[Li, Kj] = €, K},

e For our purposes of QFT we can obtain the form of these generators by recognizing that the rotations
will be the standard angular momentum L = x X p = x x (iV) = J* = i(z10” — 2¥0"). To fit in
with these operators being hermitian we must add and ¢ to the RHS of [3.4] as here J* is the same as
the M* we had before. This then means that the commutators take the form:

(s Jpo| = i (Mupdve + Mo Jup = Mo Jvp — Mwpduo) (3.6)

This can also just be checked from the definition of J* as JH = i(xHd" — zVOM).
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3.3.2 sl(2,C) representation

e We can define the following operators:

1

2
1 .
N = 5 (Li = iki)

With these definitions, it can be shown using the above commutation relations that:
[NZ', N]] = ’iéijka
INF,NT) = ey N
[N, N =0

We can see that these have the structure of two sets separate angular momentum generators. They
also have the same structure as the sigma generators of s[(2,C). In the same manner we deal with
regular angular momentum we can pick N3 and Ng as the z direction which will then have eigenvalues
—n,...,0,...,n, where n is the “spin”. Similarly NT has eigenvalues —m,...,0,...,m. That means
the total number of possible states of this system is (2m + 1)(2n + 1). Here m,n = 0, %, 1,.... This
result means that all finite representations of the Lorentz group correspond to pairs of integers or half
integers corresponding to pairs of representations of the rotation group.

As it turns out the m,n = 0 corresponds to the Klein-Gordon theory for a spin 0 scalar particle we

developed earlier. The two cases m = %,n =0and m = 0,n = % correspond to spin half particles
which we will see more off later.

2

3.4

Generators of the Poincaré group

The Poincaré group has the same generators as the J#*¥ above for the SO(3,1) part, as well as the
translation generators P, = —z'a%. It can be shown then that they have the following commutation
relations:

[J,uw Jpo] = i(nupjyo + nl/O’J,LLp - nuat]up - nl/pJ,LLO')
['];w’ Pa] = i(nuopu - nyapu) (37)
[P, P, =0

If we have any sort of generators that act on certain objects to generate transformations of the Poincaré
group the only condition on them is that they must obey these commutation relations which are known
as the Commutation relations of the Poincare Algebra.

3.4.1 Casimir Invariants

e What we would then like to do is find out what are the Casimir’s of these commutators, i.e. operators

that commute with everything. Recall that the Casimir operator in quantum mechanics was L2, It
can be shown that the following quantities commute with both J* and P*:

P,PF =m?
WHW, = W?
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Here WH = %e“”p"P,,JpU is the Pauli-Lubarisky vector.
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4 The Dirac Field

e We have so far only discussed scalar fields that transform via 3.1 and seen that quantization of these

fields leads to spin-0 particles that obey the Klein Gordon equation. To find out what describes particles
with non-zero spin it is natural to think that we will need some fields that are vector fields of some
kind. This means we need to find alternate representation of the Lorentz/Poincaré algebra. Remember
that the only condition on the generators of these algebras is that they must satisfy the commutation
relations 3.6 We have already found some matrices [3.3] that do this. But what if there is another
representation.

4.1

Spinor Representation

We can find another of these representations due to a trick from Dirac. This turn out to be nothing
other then the Clifford algebra. Suppose we have a set of n x n matrices v* satisfying:

(" 9"} =291, (4.1)

This is also known as a Dirac algebra. Then using this, it turns out that if we define:

i

g
o 4

v, (4.2)

Then S*¥ satisfy the commutation relations This is easier to show if we break this down into
showing [S",47] = i(yn*P — "n) and [y, 9"] = 909" = 2 = S = 3(Y'y" = n").

These S* are know as the Spinor rotation matrices or sometimes just the spin matrices. As the
name suggests it will turn out that they act on spinors which are two component vectors with complex
number entries ¥ = (21, z2). This means that our fields will not be scalars and wont just transform via
Instead they will transform according to the exponential of our generators S#*”. This means the
transformation takes the form (for a = 1,2,3,4):

Y (z) = (A1) %0 (A ) (4.3)

Notice that the regular co-ords = have just transformed in their usual way as they did in This
means that:

—Q,,5") (4.4)

Where we need the i’s in the exponential as the generators are defined as complex and we need the
exponential to be real.

4.1.1 Why the Klein Gordon field has spin-0

e In the case of the Klein-Gordon field we had scalar fields must transform via [3.1l This means it has

no prefactor as the spinors do in This essentially means S*¥ = 0 for scalar spins. We will see later
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that this S*” matrix corresponds to spin. So this means that the Klein-Gordon field describes spin-0
particles.

4.2

Dirac matrices

The matrices defined by [£.1]are all that is needed to define these matrices. There are no representations
of this Clifford algebra for n = 2 or n = 3, so it turns out that the simplest representation is when the
y#* are 4 x 4 matrices. We can then go about figuring out their form. We can see immediately from [4.1]
that:

(V)2 =L, (v)=-L, i=123 (4.5)

We can also write down some more relations that all follow from (.1}

A =0T A (4.62)
[V¥,7"] = 20t — 297 (4.6b)
,y,u,yzx — 2,,7;1,1/ _ ,YV,Y,LL (46C)
)2 =
A — (v V) (n=v) (4.6d)
=" (w#v)

We can then see that these matrices are traceless through the following argument. Consider via [4.1
that we can write I = y#~*/np#* for some fixed value of p. Then we can insert this into the trace of
v, where we are free to choose v # p (This means y”y# = —y#~" as per 4.6d)):
1
tr(y") (") = (Y9 ") = —Wtr(v”v“v“) = —tr(y") =0

= —1tr ——tr
'r]#//f 'r},uﬂ

Where in the second last step we used the cyclic property of the trace and the lest step was removing
the identity inserted earlier. This means all the gamma matrices are traceless.

These conditions are not enough to completely determine the gamma matrices so there are many
different forms. We will use one of the simplest ones, that being:

=) () w

This is known as the chiral representation.

Note that the o are the familiar Pauli matrices, which satisfy this nice condition:

[ olod = 69 + ik gy, ] (4.8)

4.3

Exponential map

The next step is naturally to use the above gamma matrices to see what the spinor transformation [4.4
looks like. To do this we can notice the following simplifications. Using the definitions of S#” above
m we can immediately see that S%° = 0 = S% as S*¥ is defined as a commutator.

We can split up the calculation into two sections we are familiar with. Boosts generated by S% = — 5%
and Rotations generated by S*. We do these separately here as the Baker-Campbell-Hausdorff formula
means we cannot purely separate the exponential into the product of boosts and rotations.
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4.3.1 Boosts

o We start with Boosts, for which we can calculate from that:

07;__1' —O'i 0
o (0 as

We can then go about exponentiating this using where the boost parameters are determined by
Qi = —Qip = o;. This means « is the vector that determines the boost direction. Notice that due to
the anti symmetry of both S% and Q; we end up with two of each pair. This all means:

l/~a- o 0 P lend 0
A% = exp [—2< 0 a-a)] = ( 0 eéaﬂ) (4.10)

4.3.2 Rotations

e We can then do the exact same procedure with Rotations. From [8.4| we have:

iy~ gk k
S 26 <0 Jk)

We then exponentiate this, defining the rotations to be parametrized by €2, = —eijkgok, then using the
fact that eijleijk = 2(5}C we can write this as:

~ Jife-e 0 N]_ (e 0
vl SO0 )

e [t should be noted that behind this last step in the above equation and the corresponding one for
boosts, there are a few steps. We are not just naively raising the inside terms to the power of e. This is
properly done by constructing an exponential map from the Taylor expansion in powers of the matrix.
Usually noting a pattern in the powers that leads to a clean form. In the above two cases both of the
Ain A 1= e” cube to some constant times the identity I.

4.3.3 Non-Unitary representation

e It should be noted that it is not possible for this Dirac representation to be unitary, as the generators
[R.4] cannot be made anti-hermitian. This comes from the fact that if we want S#¥ to be anti-hermitian
then we need all of ¥* to be either Hermitian or anti-hermitian. We can see from that 7" has real
eigenvalues and 4* have imaginary eigenvalues. This means v° will be hermitian where as 4* must be
anti-hermitian. This means S*” can never be hermitian making this a Non-Unitary representation.

4.4 Lorentz Invariants

o We would now naturally like to find out what are the invariants we can make out of the spinors ¢ which
transform according to Let us first try what usually works, that being the standard combination
Y1), Do do this we recall that as per the spinors transform via:

U(a) A o(A 1)

v(@)f — (App(a) = vl
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So the combination 119 transforms as:
(@) == i (A e)AL Ay (A )
2

But we now have a problem, as we in the above section have just explained why A1 cannot be unitary,
2

so we can never have ¥y = /T’

4.4.1 Scalars

e To see how to proceed, we can see that we need someway of constructing Azl = exp(—%QWS‘“’). But

2
this is not easy since (S**)T # —S*. To do this we notice that using the chiral representation
(7)) = —4% and (¥°)F = 4°. Which means the following property holds for u = 0,1,2,3:

oy = (v
This clearly works for 1 = 0 as (%)% = I. For p = i we make use of when we swap the first two
terms.

This expression then allows us to find an expression for (S#)T:

v 7: v Z 12 v
(SP) = ——(=[(v")1, (?)1]) = = (V09709097 % — 7047400414 0)

4 4
i
=1 ("0 A1) = =78y
This is key as the minus allows us to finally relate Ail and AE:
2 2
i i _
N = exp(— 20, (7)) = 10 exp(— 50,0870 = 504714 (@12

e Using this we can then define the Dirac adjoint:

(8

pia® (4.13)

We can then see that the quantity 11/ is indeed conserved, as v transforms by ¢ — @Azl.
2

4.4.2 Vectors

e We have seen how we can construct a quantity that transforms like a scalar, now lets see if we can
construct objects that transform like traditional vectors. Note that even though v has 4 indices, it
does not transform like a vector as the A1 is not the same as the A", that we have for 4-vectors. If we

2

want something to transform like a vector we somehow need it to “create” AY,. Naturally this leads us
to the v*, and keeping in line with what we know about indices we can gather that it probably should
only involve a single v*.

To relate these two different transformation matrices we can use the following relation: [SH, 4] =
i(y#*nYP — v¥nP*) (Which is easy to show by expanding and using [4.6b). The RHS of this relation can
then be recognized as the same thing we had for the regular Lorentz generators from (with the
lowering of a single index by acting with 7,,, and relabeling so that (M*r?), = nPHs%, — n7H6",). We
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also have an extra factor of 7 in our new expression but this is just so we now have hermitian operators.
This means we can say:

[v*, 8] = =[S", 4] = iGgn"? — 0"PoG)" = (M™)F 7
If we then multiply this by %, contract with w,, and add +” then this becomes:

il
2
= (LGS (1+ GupuS™) = (L 5w M)y

’Vp + %'YPWWJSMV - %wuysuu,yp = 5§70 + (U;WMMV

[ — ATINPAL = AP A (4.14)
3 2

e Now this is a very useful relation as from this we can very easily see what we need to do to construct

a Lorentz scalar. We need something that transforms via A7' and something that transforms via A:.
2 2

But we know these objects! This means the quantity ¢y*e transforms like a Lorentz vector!

This same procedure can be used to see that quantities such as 1y*y“1) transform as a rank-2 tensor
and so on.

4.5 Dirac Action

e We would then like to of course construct an action for our new theory of spinors, that will then of
course lead to the Holy grail; an equation of motion. To construct an action we usually just combine
every conserved quantity we can into one equation and then interpret that as the action. So what
scalars do we have? Well we know 1) is a scalar. If we are thinking about a single particle then
the mass of the particle m is also a scalar. That is kinda it for scalars, but we also know that the
contraction of two vectors is a scalar, and we know another vector quantity, that being ¢y*¢. But
then the question is what to contract this with, does a single particle have a vector like quantity? well
yes its 4-momentum is a vector, so we can contract 1)y*1) with pp = 10,. We could continue further
adding tensors, but we don’t really have any tensor like properties of our particle to contract them
with. Taking all these the most natural way to combine them into one Lagrangian is the following:

S = /d4§m/}(i’y“8“ —m)y (4.15)

We have to attach m to some spinors as other wise it does not appear in the equation of motion. The
minus in front is just the one that turns out to make the parameter m the same as the mass.

e We can now vary this action. We can treat ¢ and v as independent fields as we would do for a complex
Klein Gordon scalar field theory. Varying with respect to ¢ gives us the Dirac equation, noticing that
there is no 9,7 term in the Lagrangian:

[ (iv"0, —m)y =0 (4.16)

Varying with respect to 1 is actually a little different, since there is a 9,7 in the Lagrangian. This
just means we use to get awgﬁ - % = Ou(ipy*) + map = 0. This can then be recognized as just
the Dirac equation, if we act by 7 and take the hermitian conjugate.
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e Anthony Zee, raises the following point about this Lagrangian in his book ”Quantum field theory in

a nutshell”: “If you are disturbed by the asymmetric treatment of @ and 1), you can always integrate
by parts in the action, have d,, act on % in the Lagrangian and then average the two forms of the
Lagrangian.” So despite first looks this action does treat ¢ and ¢ equally.

e This is not the derivation that Dirac came up for his equation. His approach is more direct and was

more about finding what the form of a first order Lorentz invariant equation would be. For a nice
explanation of this see pg 77 of Michu Kaku’s “Quantum field theory”.

4.5.1 Return to Klein-Gordon

e It can then be checked that the Dirac equation, when acted from the left by (—iv*0, —m) gives back

the Klein-Gordan equation we had above
. . v 1 4
(i7" 0 = m) (i7" — M) =(4"7" 00y + m*)¥0 = (5{1",7"}0u0, +m*)p = 0
= (0,0" +m*)yY =0

Where here we have used the fact that +*470,0, = ({v*,7"} — ¥"7*)0.0, = 29¥4"0,0, =
{v*,4"}0,,0,, As we can relabel p <+ v in the second term.

4.6

Weyl Spinors

From the block diagonal form of the Boost and rotation matrices we can see that the Dirac
representation of the Lorentz group is reducible, i.e. we can split up our spinors into two components
which are acted upon separately by A 1. These are 2-component spinors called Weyl spinors or chiral

)= @;) (4.17)

As was mentioned in the section on Representations of the Poincaré group these correspond to m =
1/2,n = 0 and m = 0,n = 1/2. We can now use the chiral representation to write down the Dirac
equation for the Weyl spinors. For this we can introduce some notation to make this cleaner. Defining
ot = (I,0) and 6* = (I, —o). Then this becomes:

-m  iok0,\ (YL _ 0
6”“8# m VYR -

This leads to two coupled equations, but if we have m = 0, then they become de-coupled. These are
known as the Weyl equations:

spinors. We denote these:

i 9, = 0 (4.18)
i8R = 0 (4.19)

e It should also be noted that with this notation we can write in the chiral representation:

= (0 UO“) (4.20)

ok
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4.7 Solutions to the Dirac equation

e Since the Dirac field ¥ obeys the Klein Gordon equation we know it must be a superposition of plane
wave solutions, i.e. & e”P*. We can then make the following ansatz for the Dirac spinor:

P = u(p)e_ip'x (4.21)

Here u(p) is a 4 component spinor that does not depend on spacial components, which fits in with
the picture of there being a spinor space at every point in space independent from each other. It not
depending on the spacial components also means that when we plug this ansatz into the Dirac equation
we just get:

(Y'pu = m)u(p) = 0 (4.22)
To solve this we can let u(p)” = (u1,us). Then this equation becomes:

ol'pyus = muy, ot'puur = mug

== ot'puo’pour = m2uy

This actually means these equations are not independent as they imply each other (through the relation
(otpu)(6¥py) = p3 — pipjoio? = p3 — pip;6 = m?). HThis means the components must be linear
dependent, i.e. the same up to a factor. This means we can make the ansatz u; = (o#p,)¢, then
ugs = m&. But we can scale both vy and ug by any factor we want, so we choose the most symmetric
one by multiplying by 1/,/pFo, leaving us with the neat solution:

u(p) = <%§> (4.23)

4.7.1 Negative frequencies

e We could have course also had solutions of the form:

[ P = v(p)eP? (4.24)

However, if we compute the energy of these solutions, we find that it is negative (Think of Schrédinger
equation i0; [¢)) = E'|1)). Never the less we will need these solutions later. We can then repeat the
same above procedure plugging this ansatz into the Dirac equation to get:

(=P —m)v(p) =0 (4.25)

This is solved by:

v(p) = <—\/\§1T%777) (4.26)

For some 2-component spinor 7.

!This is totally wrong and needs to be fixed at some point...
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4.7.2 Helicity operator

e The helicity operator is the projection of the angular momentum along the direction of momentum:

1 v L. fdb 0
h = _§6ijk5] pl = 5pl <0 0'7:>

Here S%¥ is the generator of rotations we had above in So we have used eijleijk = 2(5}C to get the
matrix in this form. A particle with eigenvalue h = 1/2 is called right handed, where as a particle with
h = —1/2 is called left handed. The Helicity of a massive particle will depend on its frame of reference
as we can always boost to a frame where its momentum is in the opposite direction. This does not
however, work for a massless particle so their helicity is always the same.

4.8

Normalization of spinors

It is often useful to work with a basis of specific spinors ¢ for example we can use eigenstates of o3,

1
With this notation we place an index s on our 2-component spinors, & — &°, s = 1,2. This means we
also place this label on u(p) as both the spinors must be the same. So u(p) — u®(p).

That is ¢! = <(1)> and €2 = <0> . These are relevant as if we often care about spin along the z axis.

We would then like to define some sort of orthogonality relation with respect to an inner product.
Immediately we would think of ufu, but remember we would like Lorentz invariant quantities so that
they remain the same in all frames, and we have seen before that this is not Lorentz invariant for spinors
as A1 is not unitary. Thus we use the Dirac adjoint, #*(p) = uf(p)7°. This allows us to calculate the

2
inner product:

7wt = ()P, (€ Vo) ( Vs i) = 2m(¢)le" = 2mé"™ (4.27)

Where we have used the fact that (o#p,)(5"p,) = m?. Notice that 7" had the affect of swapping the
two components of u. This quantity is clearly Lorentz invariant.

For the negative frequency solutions we can see that the condition will be:

0 = (e e () = o = —ama (429)

We can also check the inner products of the u®(p)’s and v"(p)’s:

—r s __ r\t = r\T p'0775>_ _ NS
uv = -0, -0) - _ ] =(m-m =0
(Vo &) Vaa) - (YET) — (m - ey
So u"(p) and v®(p) are orthogonal. This clearly also works for v"u®.

It also turns out that relations to do with the regular adjoint scalar product of these spinors are
important when we go to quantize this theory. These can be shown to be:

u"t (p)ut(p) = o™ (p)v* (p) = 2pod” (4.29)
u"(po, )v* (po, —P) = v (po, P)u’ (po, —p) = 0 (4.30)
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4.8.1 Outer product

e We can define an outer product on these spinors in the following way:

2
s —3 _ p_o.gs . r\t = r\t - _ m p-o )
E;MMu@—<&m5s (Vrm@vra = (" 1) =mem (4a
Where we have used the relation Zgzl €5(¢%)T = 1. Similarly for v*(p) we have:

2

> 0% (p)7*(p) = A*pu —m (4.32)
s=1

4.9 Quantization of the Dirac Field

e We now want to quantize this theory. We start with the Lagrangian £ = @(i’y“aﬂ —m)1, which we get
from the Dirac action The most logical way to start is by treating ¢ as we did the scalar Klein
Gordon field.

We can see that the momentum density of ¥ is 7 = g—i = 1)y = iy!. This means we can calculate
the Hamiltonian via [L.5t

1= [ @ [iwiow — (70, ~ m)u] = [ do [15°00s — b(07"0, — m)o]
—/dgw [1/_}(—2‘707 -V + m70)¢] = /d3x [¢Y(—ic- V +mpB)y] (4.33)

Where we have defined o = 7% and 8 = 7°. We often denote hp = —iax - V +mf3

4.9.1 Commutation relations

e We then proceed as usual, positing the canonical commutation relations:

[ta(x), ¥ (x)] = Gapd(x — X')

Here a and b denote the spinor components, that is a,b = 1,2,3,4. Note that in the rest of the
computations we (and most sources Peskin, Tong ect) drop these indices (and essentially assume
a = b), though it should be noted that they are still there! we are doing out these component wise
for the spinors. This is important as it allows us to exchange the order of spinors as they are just
components. It also should be noted that we shouldn’t confuse the index’s a,b and s,r they are not
the same. The latter indicates the basis index not the spinor index.

e Our task then is to find a representation of our commutation relations in terms of creation and annihi-
lation operators that diagonalize H. From the Dirac equation we have that (i7°0p — v hp)y =0
So we are looking for solutions to the Dirac equation with eigenvalues E},. These are just the solutions
we discussed before so we can write:

3 A .
P(x) = Z /(;i;;%Ep <b5pus(p)e’p'x + cspfvs(p)e_’p'x> (4.34)

s=1,2
d3 1 s7,,8 —ip-X S .8 ipx

Notice that for now we are working in the Schrédinger picture where v does not depend on time. We
can now attempt to calculate the commutator for each spinor index:
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tro! d3 d3/ s sz ST s —ip-x rt rto .y, —ip X’ v T i
GORUCIIENS [(b u +egtor(p)e ) (bifur(p)e X + ot (p)e ™)
s,r=1,2
(b:r rT —ip/-x’ +C 0 T(p/)eip/-x’) (bEUS(p)eip-x +C;TUS(p)€7ip.x)}
d3 d3/ . ' . /!
= > / ; ) 2/Ep By {bs boilut (p)urt (p))e P>7P) (b5 cr Jut (p)u™ (p!) (PP )

s,r=1,2
gl Byt () (p)e TR [esf e Jos (p)or ()PP X))

e Notice that we have only been able to pull the spinors out of the commutators as we are doing this
component wise for them, so each u®(p) is just a complex number meaning the order does not matter.
We are now in the position to make the claim that this commutator being equal to d(x—x’) is equivalent
to the operators by, and ¢}, satisfying:

b3, b’“T] (27)35°"6(p — p')
5 chi] = —(2m)%5*5(p — P')

With all other commutators vanishing (notice this makes the cross terms above vanish). We will see
why we needed this minus sign on the second commutator later. Plugging these in we see:

- Z/ 2) 32E [0 (p)* (p)7 P ) ¥ (p) 7 (p) e~ P )

1 —ip-(x—x’
_/ (27)3 2B, [(7 P+ m)y PO 4 (4, —m)y e )}
p

Where in the last step we have used the outer product relations [£.31] and [£.32] The we can do the
classic trick of changing p <+ —p the second term in this integral to factor out the exponential. This
leaves us with:

3
60, 616 = [ e

dg ip-(x—x') /

Where we have used pg = Ep. Thus the commutations relations above were equivalent to this result.

V%P0 +7'pi +7°po + m — y'p; — m]y e x7x)

e The next thing to do is to calculate the Hamiltonian by plugging [£.34] and [4.35] into [4.33}

Z / d3xd3pd3 / [(brT rT( ) —ip’-x + C;/UTT(p/)eip’-x) ,YO(_Z',Y VYV + m) (b;us(p)eip'x + C;TUS(p)efip-x>]

6
szl 27T 2\/EpEy

d‘;xdgpd‘g’ sty r ix- st rt s r ix- !
=2 / [prbp/u (P (v '+ m)u (p)e™ PP 4 b3l Tt (p)y (= - p’ + m)" (p!)e* (PP

o122 2m)62,/FEp Epy

+epbp v () (v - p' + m)u’ (p')e > PP 4 p crtvST ()Y (= - p’ +m)" (p/)efiX-(pfp’)}

e Now we can recognize a couple of things. First off, via and we can say that (yp, —m)u(p) =
0=(2"po—v-p —mu"(p') = (v-p' +m)u(p') =~ pou”(p)). Similarly (—v-p'+m)v"(p') =
—7%pov” (p').
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The next thing to notice is that we can bring in the x integral in and turn the exponentials into delta
functions.

Z / om) 32E bSTb;uST(p)pou( )_b;T frp T(p)povr(—p)
s,r=1,2

et pv T (P)pou” (—p) — cpep v (P)por” (p)]

We can now go ahead and use the normalization conditions and

oy / s (10 m(2a0) ~ (6ch + (2n 50 m (2}

d°
— H=Y / L ot — Epcylep| (4.36)
s=1,2

Where we have recognized pg = E},. There is something very strange happening here by creating more

and more particles with the cf)T operators we can lower the energy indefinitely! We also cannot re-label
cp = cf-j as that ruins our commutation relations. We need to do something different.

4.9.2 The need for Anti-Commutation relations

e [ don’t like how many sources just introduce the anti-commutations that we will use below. The best
I have found is from Anthony Zee’s “Quantum Field Theory in a nutshell”:

“Long and careful study of atomic spectroscopy revealed that the wave function of two electrons
had to be anti-symmetric upon exchange of their quantum numbers. It follows that we cannot put
two electrons into the same energy level so that they will have the same quantum numbers. In 1928
Jordan and Wigner showed how this requirement of an anti-symmetric wave function can be formalized
by having the creation and annihilation operators for electrons satisfy anti-commutation rather than
commutation relations”

e Peskin’s approach is also good, I will outline it here. If we go back to the drawing board and be more
careful with our assumptions. First lets add the time dependence to [4.34] and [4.35] - we can treat this
in the same manner as we did the Klein Gordon field and use the relatlons (which also apply to
by, and cp), to write:

= / (bius(p)e”'p‘x + cfjvs(p)ei”) (4.37)

s=1,2

ds 1 st,,s ip-x S, .S —ip-X
2/ (pruT( )T + i vt (p)e P ) (4.38)
s=1,2

Let us forget the commutators we postulated above for bj, and cp, and see if we can re-build these
from stronger arguments. Let us not even start with the commutator of these annihilation operators
let us look at (0| b;bg |0). We can now use arguments about spacial and translational invariance to
get a form of this. Since the ground state is invariant under translations we must have that |0) =
e®*|0) and (0| = (0] P - x We can then use the same arguments as we used to get to show that
efiP-xapeiP-x 7ip-x, efiP-xaLeiP-x i —ipx

= ape = ape , which allows us to write:

<0| bs brT ‘O> <0‘ bs brT iP-x ’0> _ eix~(p7p/) <0‘ eiP-bes)brT ’0> — eix(p— p’) <0‘ bs brT ’0>
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So this is only non-vanishing if p = p’. Similarly we can show using the angular momentum generators
that this is only non-vanishing for r = s. This means we can write:

(0] b3brt [0) = (27)*6"*6(p — p') A(p)

For some function A(p). This quantity must be non-negative as we can write it as <Obfj[ |bg0>, which
is the inner product of the same term and thus must be > 0. We can then calculate:

(0] ga ()i () [0) = / (2m)° 2B,

d3p 1 m —ip-(z—z') (.0
= WE(V Pu+m)acA(P)e (V) et

Where we are assuming by, [0) = 0 and cp, [0) = 0 so there are no terms containing negative frequencies.
We can then see that this expression is only properly invariant under boosts iff A = A(p?) = A(m?) =
constant. So:

dBp 1
(2m)3 2Ep

(O] vha (@)1} (2') [0) = A7 D + M) ac / e~ @) (y0) (4.39)

e Similarly we can do this for the other commutators :
(0] gt 0) = (2m)%6"*6(p — ) B(p)
And:

T0 L i, — m)ee B =) (40)
(2m)3 2B, M e ‘

(0] $1(x)n(x) 0) = /

- / L L~ m)aBp)e” T (40,
(2m)3 2B, " T e ¢

dp 1

ip-(x—2a’ 0
Wﬁe“ )(V)et (4.40)

= —B(iv"0, + m)ac/

e We can see that these integrals are the same as in [2.12 This implies when we go to calculate
(0] [¢(z),4(2")]]0) it will never be 0 outside the light-cone as A and B are greater then 0 and then
can never cancel (recall that outside the light-cone D(z — ') = D(2/ — x)). But this gives us a new
insight. If we set A = B = 1 then we see that outside the light-cone:

(0] ha(@)thp(2) 10) = — (0] Pp(x)a(2) |0) ]

That is the fields anti-commute for space like intervals. Here we have noticed that everything is cleaner
if we do this with 9 instead of ¢f. Mainly we loose the extra ~° in the above equations cleaning up
the indices.

I have added back in the spinor indices in the above calculations to remind us how they come into
affect.
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4.9.3 Anti-commutation relations

e We have concluded from the above section that there is no way to have commutation relations that
make sense for the Dirac field, but there is some hope, as we can see that if we define anti-commutation
relations then maybe everything will work out. Let us proceed to do just so. We note that we can
keep the same form of ¥ and 9T that we were using above in m But now instead of talking about
YT we will talk about ¢, we do this as it is cleaner, 1 is the dual spinor of ¢ meaning they combine to
a scalar. We are able to do this as all our above calculations have been component wise, meaning we
can always switch from 4 to 9! by acting with (y")%, i.e. the components of the 4° matrix.

Writing out v and v we have:

d3p 1 E —ip-x st,.s ip-x

_ d3p 1 st—s ip-xz S ~8 —ip-X
wng%/@maﬁafW”@ﬁp+%v@ep> (442

With the anti-commutation relations:

{¥a(x), ¥} (¥)} = 6(x — ¥)ap
{¥a(x), ¥s(y)} = (¥} (x), 9} (¥)} =0

Which are equivalent to:
{by, b33} = {cj el = (2m)%6(p — q)0™ (4.43)

With all other commutators being O.

Note that all though we are now more concerned with 1, 1! is still the conjugate momentum and
should still be in the commutation relations.

e Proceeding with these commutation relations however will not fix the negative energy problem as we
still end up with a minus sign from (See calculation above). We can however fix this, if we relabel

Cp — cg and cg — cp. We are free to do this now as the anti-commutation relations are symmetric

for these operators. This means Aler = —¢ cg + constant.This means the Hamiltonian nicely

P “p o
becomes:
d3p st1s st s
H=3 [ G | byt + Bpcylcp | (4.44)

s=1,2

4.10 Pauli exclusion principle

e This above relabeling ¢, — cg is essentially just us calling the operator that creates positive energy as

the creation operator. We are able to do this for a very special reason. Since {cg, cf,T} ={cpcpt =0

we must have that (cg)2 0) = (cj,)?[0) = 0, ie. there simply are only two energy levels that these
operators can create/destroy as they cannot be filled twice. This means that we are free to call the
either of them the ground state as we did to solve the problem.
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e More generally the anti-commutation relations imply that any multi particle state is anti-symmetric
under the exchange of particles. That is that:

cgrcaT 0) = —cf;rcg |0) .

We can see from this that these terms will vanish if p = q and s = r, and are other wise anti-symmetric.
This is Pauli’s exclusion principle and implies that the corresponding particles obey Fermi-Dirac
statistics.

e We can then think about creation of particles in the following way: We will call particles created by
bSpT |0) = |p, s) electrons and particles created by cp |0) = |p, §) positrons. We can also create particles

of both types, pr ¢q |0) = |p,s,p, 7).

e We would like these particle states to be normalized in a way that is Lorentz invariant as we did for
the Klein Gordan field. This means we tack on a usual factor of \/2FE, so our states are:

\/2prf;r |0) = |p,s) (electron)
\/QEPCET |0) = |p,5) (positron)

4.11 Charged particles

e Let us now investigate if there is a Noether current and a corresponding conserved charge. Recall
the Dirac Lagrangian from is Lp = i@Z_J*y“GH@ZJ — matp. We can can clearly see that since this
is quadratic in the spinors there is a symmetry in that we can define 1) — €'®y) and ! — e~ f.
Infinitesimally these are: 1) — 1 + iawp and T — ! — iarpt. We can then use to write down that
the conserved current (up to a sign is):

oL

20,0 Ap =y, Ot = (4.45)

=

Note that for our transformation J* = 0. We can then use this current to calculate the conserved

charge via [[.7}
Q= [ @ = [@aitv = [vivda

We can then use the expressions to calculate this integral:

d3$d3pd3/ st,.s —ip-x s .8 ip-x ror ip'-x T‘T r —ip’-x
QZ%/ 2W62\/ﬁ(bT wl ) + ol ()e™ ) (bpul (e + ol (e ")

3 e 300 7304/
-y / LoD T (sl (o) ()00 X0 =P) bl (p)r (oo tro7h) (97 4)

2m)62/EpEry

+bgf st (p)o” (p)e oo tP0) e (PTHP) L 8 oyt (o (p’)e*”O(PO*Pé)e’x'(plfp))

- Z/ 2) 32E bSTb;“St(pmr(P) "‘Cf)b;UST(P)U (—p) + bfj CTp T(I))vr(p’) —|—cf,cgvsT(p)vr(p’)>

Where we have brought in the = integral to create the delta functions. We have also switched to talking
about u and v as function of only p as a short hand so that we can use relations [£.29] and [£.30fo write
this cleanly, (remembering that py = Ep), as:
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Q= / (;ij))?’ Z (bfjbi’ + C:’C;T) - / . p3 Z (bSTbS —cf ) + constant

We do the usual procedure of ignoring the infinite constant that arises due to our treatment of infinity
large and dense space. Thus we have that although our particles have the same positive energy, bgr
creates particles of charge +1 and C‘E,T creates charges of —1.

4.12 Dirac Propagator

e We saw in section how we could write down (0] w(:v)@bj(x') |0) and (0] ¥f(x)y (') |0) in and
We can now easily use these two write down (0|1 (x)y(2’) |0) as:

3 ' )
(0 (@)(2') [0) = (i7"0ys + m) / (gﬁl)’m}%ew.(m)

And (0] $(x)e(') |0} as:

3 ' )
(O] (@) (a") [0) = — (78, + m) / (%32; p—

Where all we had to change was act by 7o to change from " — ¢. We can then recognize that these
integrals are just the same as the Klein-Gordan propagator we had above 2.12] So we can write:

(0] 1/j(a:)1;($/) |0y =(iv*0,, + m)D(z — 2)
(0|9 (x)(2") |0) = — (v +m)D(z" — x)

e As we mentioned in the Klein-Gordon field the most important propagator for us will be the Feynman
propagator. However since whenever we swap the order of our spinor fields we pick up a minus sign.
This means our fields are what are known as Grassmann variables. What this means for our Feynman
propagator is that we need to define it slightly differently to account for this minus sign. This means
we place a minus sign before the second term in leaving us with

Sr(z —y) = 0(z0 — yo) (0] ¥ (2)1(y) [0) — O(yo — z0) (0] () () |0)

This definition allows us to write this more cleanly as:

Sp(z —y) = (i1"0u +m)Dp(z — y) = (0] T{¥(z)1(2)} |0) (4.46)

Where Dp(z —y) is defined in T is now the time ordering operator for spinor fields. This is great
news as we don’t have to do out the long calculations we did before for getting the explicit form of the
propagators we can just use what we had before in the Klein-Gordon case. So using [2.19 we can write:

_ d4p Z(’Y'upu + m) e~ (z—y)
Selr—y) = / (2m)4 p?2 — m? + ie
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5 Constrained Hamiltonian Systems

e This section is following Dirac’s “little” book “Lectures on Quantum mechanics”.

5.1

Degenerate Hamiltonian

e In section we discussed how if we have a degenerate Lagrangian then we are unable to solve for the

¢ in terms of p and thus unable to write down the Lagrangian. We now want to allow for this no being
the case. In this case it means that their exists relations between ¢ and p: ¢(p,q) = 0 so that they are
no longer independent.

To be more general we will talk about their being M relations ¢,,(q¢,p) =0, m =1,..., M. We call
these the primary constraints. With this the Legendre transform to H = p;¢* — L is no longer uniquely
defined as we can always add to it \"*¢,, and still have the new Hamiltonian be only a function of ¢;
and p;.

H'(p,q) = H + N"¢p, = pid" — L+ \"¢p, (5.1)

Here upper and lower index’s are only to indicate that we are summing over the variables, we operate
in a euclidean metric so that all upper index’s equal lower. Note that the co-officiants A, can also be
any sort of functions of the ¢’s and p’s.

5.2

Equations Of Motion

Since ¢, = 0, we must have that d¢,, = 0. Using both of these we can see that taking the variantion

of 5.1 we get:

SH' = 6H 4+ N"6¢m + 0N ¢y = 6(pig’) — 6L =

oL oL 0oH 0H

pid’ + pidg — o 5q" — o 8" = 0H = g g + ap: opi
= ) (o))
— (q — ZZ) Spi — <pi + g?) 5¢' =0 (5.2)
Where we have used the fact that H = H(q,p) — 0H = ggéqi + g—gdpi and L = L(q,q) = 6L =
qui 8q" + qui 5¢', as well as the Lagrange equations qui = % (gcﬁ)

In the standard case we can then take the co-officiants of dp; and §¢’ to separately be zero, but in the
case of a constrained system p; and ¢' are no longer independent, being related by at least one ¢™(p, q).
To fix this we need some way of ensuring that the p’s and ¢’s stay on the surface ¢™(p,q) = 0 in the
phase space. Since ¢,,, = 0, this means the variations of p and ¢ must satisfy:

Odm I,
dqt Opi

O0pm = 5qi + op; =0

We can re-write this in matrix form as the following:
5%’)
J- =0
<5pi
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Where J,,; = (%‘ZT %‘*ﬁ) is the Jacobian matrix of the constraints. The above condition implies that
the variations (d¢, dp) must lie in the null space of the Jacobian J. A general solution for such a system

can be expressed as a linear combination of the rows of J, with arbitrary coefficients «". This means
we must have that must be equal to u™ (6@” 5q° +3 9%m 5pi>, S0:

. OH m Obm
Q=5+

apl apz (5 3)
O 06, '
b= a% aQi

These are the constrained EoM. Notice the 4™ are not functions of the p’s and ¢’s.

5.3

Poisson brackets

Recall from classical mechanics that we had the notion of the Poisson bracket defined for two functions

f(p,q) and g(p, q) a}

of dg  of dg
{f’ } Z (aQZ Opi 8]91 a%) (5'4)

If we work with function like this f(p, q) and g(p, q) which don’t explicitly depend on time then we can
recognize that:

of dg; 8 dp;
6q, dt api dt
We can then recall that for the regular Hamiltonian (not the one with constraints) we have that:

@_aH @__(9[‘]
dt — Op;’ dt  Og

Which means we can recognize that can be used to write the elegant result:

af

If we want to extend this notion to the equations of motion in then we have to include an extra
term :
d dg ., O
ag _ 99 i+ g
dt  O0¢* op;
={g9.H} +u"{g, dm} (5.6)

Di

This can be show to be the same as {g, H + u™ ¢y, }, even though strictly our Poisson bracket is not
defined for functions that are not functions of p and ¢. Since : {g,u™ ¢} = {g,u™ }om+u"{g, ¢} and
¢m = 0 we can ignore this first term. With this we can say that ¢ = {g, Hr} where Hr = H + v ¢y,
is called the total Hamiltonian.

2Here for clarity we don’t suppress the summation behind index notation
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5.4

Weak and strong equations

e We can notice that the above procedure fails if we set ¢, = 0 at any step before the last one. This is

due to the fact that even though ¢, = 0, the Poisson brackets involving ¢,, may not be. Thus we can
impose the rule that we can only set ¢ = 0 when outside the Poisson bracket. To remind ourselves
of this we write:

Pm =0

And call these weak equations. Any other regular equality is called a strong equation. With these we
can see that our equations of motion only hold in a weak sense:

g~{g,Hr} (5.7)
5.5 Secondary constraints
° Sinceholds for all g(p, ¢) we can apply it for one of the constraints ¢,,. We should have that the time
derivative of our constraints are ¢ = 0 as we should have that our constraints are time independent.
This means we have:
There are a number of cases this equation can lead to, first of all we could have a false statement, such
as 1 = 0, meaning our original Lagrangian is degenerate. We will ignore equations of the this kind,
and assume we have non-degenerate Lagrangian. We could also have.
— A statement that is true given the primary constraints ¢,,, so no new info.
— A statement that is independent of the u,,’s but adds a new constraint on the p’s and ¢’s.
— A statement that is independent of the p’s and ¢’s but constrains the u,,’s.
Equations of the first kind are trivial. Equations of the second kind are called Secondary constraints
and written:
x(p,q) =0
e We can then repeat this consistency checking process with the new secondary constraints, either getting
more secondary constraints or more constraints on the wu,,. This is carried out until all consistency
conditions are exhausted. We will proceed to denote the secondary constraints:
o, k=M+1,... M+ K
So that they way be written along side the primary constraints. Here K is the number of secondary
constraints.
5.6 Determining u™
e After the above process of exhausting all the constraints of the system we are left with a set of equations

of the third kind, restricting the u™. These take the from:

{¢m, H} + un{¢m7 ¢n} =0

Since the u™ are unknowns we can consider these equations a set of non-homogeneous linear equations
in the u'™’s with co-officiants that are functions of p’s and ¢’s. This equation will have a solution as we
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have assumed that we have a non-degenerate Lagrangian. We call this solution U"". This solution is
not unique however as we can always add to it a solution V™, which is a solution to the homogeneous
equation V™{¢,,, ¢} = 0. Since we may add any number of these equations, the most general equation
for u™ is:

um = U

Where the v® are completely arbitrary (they may even be functions of time!). This means our total
Hamiltonian (Hy = H + u™¢,;,) takes the form:

Hr = HA4+Um¢p + 0"V, O (5.9)

5.7

First /Second Class

We call any dynamic variable R(p,q) to be first class, if it has zero Poisson bracket with all the
constraints ¢,,’s:

{R,pmt~0, m=1,.... M+K

Otherwise R is Second class. Note that since the only quantities that vanish weakly are the constraints
®m, this means that the Poisson bracket of R and ¢,, must be strongly equal to some linear combination
of the ¢,

{R, ¢m} =r"¢,

It can also be shown that the Poisson bracket of two first class functions, is also first class. Looking at
our total Hamiltonian we can see that the number arbitrary co-officiants v, is equal to the number
of independent primary first class constraints. This is because there is a v* for each V", and there is
a V" for each ¢, such that {¢m,, ¢} = 0 for all n.

5.8

Dirac Bracket

If we now focus on second class constraints, we can see that there is an issue that arises. Second
class constraints by definition have non-vanishing Poisson brackets, meaning we could have {¢,, ¢, } =
¢ = const. This becomes an issue when we try to transport to the quantum mechanical case, where
the Poisson bracket becomes the commutator. This then has [¢pm, ¢n] 1)) # 0 which contradicts the
requirement that both constraints vanish when acting on physical states.

This indicates that we need to generalize our definition of the Poisson bracket that is more consistent
with the constraints. If we now label the second class constraints ¢,, and define the matrix:

Cab = {Pa; I} (5.10)

Dirac proved that this matrix will always be invertible. With this and the definition of the inverse as
Cc = C(;l (st: C%®Cy. = 6%), we can define a new bracket called the Dirac Bracket for two functions

f(p,q) and g(p, q):

{f.9}p = {f, 9} = {f,6a}C”{, 9} (5.11)

Where once again the repeated indices mean summation. It is straightforward to prove this satisfies
the same properties as the Poisson bracket. This bracket also still gives us the EoM as {f,Hr}p =
{f, Hr} = {f, pa}C{y, Hr} =~ {f, Hr} as {¢y, Hr} = 0 due to the fact that our total Hamiltonian
can be shown to be first class.
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We can also see that the main benefit of this bracket is that if we take Dirac bracket of any function
f and a secondary constraint, ¢,,, then we see:

{f7 ém}D = {f7 &m} - {f7 &a}cab{éh (gm}
= {f7 ém} - {f7 &a}cabcbm
={f.0m} —{f,0m} =0 (5.12)

Meaning we can always set the secondary constraints ¢,, = 0, in a strong sense.
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6 Quantum Electrodynamics

e Finally we can begin to quantize the interactions between charged particles using the techniques we

have developed above

6.1

Maxwell Lagrangian

We know from classical field theory, that in electromagnetism the Lagrangian is:
1

EMaX = _ZFMVFMV (61)
Where F),, = 0,A, — 0, A,, with:
0 —-E, -E, —-E. 0 E, E, E,
E 0 —-B B -FE 0 —-B B
24 — xT z y — x z Yy
E E, B, 0 -B, Euw -E, B. 0 -B, (62
E. -B, B, 0 -E., -B, B, 0

and A* is the vector potential.

We can then calculate the momentum density defined in where we take derivative with respect to

the time derivative of the vector potential, 9y A* = AH, to calculate this it is first easier to calculate:
orr 0

oAn ~ gan A oA

= §1oY — §hsY

Which means

oL 0 1 Y
To = 94 9Ac <—477/M5F5W]WF“ )
1 6 Sy Y5y "4 0y ( SH SV WSy
= — st | (9007 — 0363 ) B + 1 (8% — 345)
1
:_Z[FOU_FUO+FOG_FU]:FUO

Since F),;, is anti-symmetric, we must have that Fyp = 0, this means that we have a primary constraint!:

Note that this must occur for every point in space, so it is not a single constraint. The other components
of m, are just equal to (minus) the components of the Electric Field, m; = —E".

6.2

Hamiltonian

We can then proceed to write down a Hamiltonian, including for now, mg, to do this we first need to
calculate £ = —%FWF‘“’ :

1 1 1 1 -~
_ZFMVFW = —ZFOZ‘FOZ — ZFioFZO — ZFz’jF”
1 1 |
=B -
|y 2
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Where we have used the matrix definitions We can then calculate the Hamiltonian as:
. . . 1
i~ [t - gl = [ [nod? + () @A) - 5 (82 - B)| o

We then have the fact that E = —V¢ — 9yA, so the electric field is related to the 4-potential, via:
E' = —9;A° — 9y A*. This means:

. ) 1
H= / [WOAO + E'9,A° + 3 (E* + BQ)] d*z (6.3)
1 .
— / [2 (E? + B?) + mp9p A" — AoaiEl] > (6.4)

Where we have integrated the last term by parts.

6.2.1 Consistency conditions

e We can then put our constraints through consistency conditions as in 5.8 For 7y & 0, to be satisfied
at all times we must have that:

OZﬁoz{ﬂo,H}+{Wo,ﬁo} = {WQ,H}

To evaluate this we need to write down explicitly what the Poisson bracket has become in this contin-
uous case of the electromagnetic field, for two functions F'(m,, A,) and G(m,, A,) ﬂ

3 x) 9G(y)  0G(y) OF(x)
{ } /d <8A#(z 37ru(z) 3A/‘(z) aﬂ.u(z)> (6.5)

With this we can see that:

N

0 i
/d3 /d3 ! Eil?E)é(x—z) = —/dgz/dgxlé(x’—z)é(x—z)@iEi =0,

— /d?’a:QS(x — ){’)@EZ =0, — GE' =0 = 9d'm =0

This is a secondary constraint! Which we can more easily recognize as Gauss’s Law. It can be checked
that there are no further constraints on this system. With the these two constraints we can see that
we do not need to add any extra constraints of the form w10; F;, uamg, to our Hamiltonian as this
would essentially only result in shifting Ag and Aj.

6.3 Gauge Fixing

e It can be checked that {mp, d;m;} ~ 0, meaning both these constraints are first class. Now this is not
ideal as we can recall from section that the number of first class constraints is the same as the
number of arbitrary co-officiants in our total Hamiltonian . To fix this we can introduce an equal
number of gauge fixes that will act as constraints. Introducing new constraints, if chosen right, will
change some of the first class constraints to second class, as the old constraints may not have 0 Poisson
bracket with the new constraints.

3Note that although I am using partial derivatives here I really should be using “6” instead of “0” as these are functional
derivatives. Hence why they give rise to delta functions.
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o We are used to using several gauges in classical electromagnetism. One of these is the Coulomb gauge,

0;A" = 0. With this constraint we must have that this stays true for later times so we must check the
consistency relation with the Hamiltonian as in[5.8 This calculation will involve the calculation of the
derivative 9 (9;A*(x)) /0A(z), which is non-trivial. This calculation can be easily carried out through
the expansion of 0; A" in the following form:

B, Al (x) = — / A2l () 5 bl =) (6.6)
This expansion can be easily seen to be true if we integrate by parts. With this we can now see that E

8(81-Ai(x)) _ 3x,8Ai(x’) 0 x—x) = _ 320t5(x — 2 0 x—x
o - /d S T %) = /d GO0 ) 5 0x =)

= _—d(x—1z) (6.7)

This will be the only non-vanishing term, meaning;:

o(D,AT) = (DA, H} = / d?’ng

We can then calculate 0H/Om; from the first definition of H in With this and the fact that
m=—E"":

ori(z) /dx(?Ej(z) <2E E'9A") = — [ d*2'5(x — 2) (B — 0;A°) = (B — 9;A%)

Where the partial derivative is now wrt z. Combining this with [6.7] we have:

z- . -
{0;A", H} = /dgzazjé(x —z) (B — 9;A%)

o .
= /dgzé(x - z)% (B’ — ajAO)
= —0;E! — 9;0;A° =~ 570, A°

Where in the second line we have used integration by parts and the last step holds weakly as 8]-Ej ~ 0.
For the constraint to be consistent we must have that {9;A*, H} ~ 879; A" = 0. For this to be satisfied
we could have A% o z?, but this would mean our fields would not vanish at infinity, so we must have
that A% = 0.

With this we have found 2 new constraints, the same number as arbitrary co-officiants in our total
Hamiltonian due to the presence of 2 first class constraints m9 =~ 0 and 0'm; =~ 0. Together the
constraints are:

7'('0%0 6171'1%0

: 6.8
AO ~0 8“41 ~ 0 ( )

6.4

Constraint Matrix

The next step is to calculate the constraint matrix We do this with the hopes that it will allow
us to construct the Dirac bracket for this theory. We have four constraints as seen in this means
Cup = {¢a, ¢} will be a 4 x 4 matrix. We will order the constraints by 7o, 9'm;, A?, 9;A* ~ 0. We can

4Note that this result can be seen in an easier way if we just commute the derivatives.
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easily see that C;; = 0 as the constraints as {f, f} = 0 by definition. We are left to check the remaining
12 co-officiants, but we only need to check 6 as this matrix is by definition anti-symmetric.

A few of these follow directly from the definition of the continuous Poisson bracket

, oo I(
AT — 3 0
(mo.004') =~ [ d aﬂoZﬁAo
z. DA° o(
{Ao’am}:/dg aAOZA/ZO

We made the claim earlier that it can be shown that {mg, 9;m;} =~ 0, we can now do this calculation.
To do this we can use the general property with A® replaced with ;. This way:

{mo,'m;} = —/d?’x'{ﬂo,m} §(x —x')

0
(z)

In the exact same manner if we replace m; with A® we get that {AY 9; A’} = 0. Then for {m, A%} we
can see that:

[ Omlx) 9A%y) _ _
(mol0). A} = = [ GO EEE < = [ #i(x = )by — ) = —dx )

Then lastly, we can see that:

(O'm(. 0,4 ()} = [ Py b= ) A

()(y y')

{rs(x), AT (y)} = — / d?’zm gﬁg; — ot / @ 26(x — 2)3(y — z) = —8,585(x — y)

. . o . )
7 3 3 i ok
== - {8 TFZ'(X), 8JA] (y)} /d /d 8( ) 6(X - X/)(Skéj 5(X - y)a(y/)35(y - y/)
o 0
= _—— 7 5(x—
Where in the last step we have integrated by parts twice.
e Ordering the constraints by g, 9'm;, A°, ;A* = 0, Cy; takes the form:
0 0 -1 0
o= |0 OO A 69
( ab) - 1 0 0 0 (X - y) ( . )
g 0
0 Dor, DyF 0 0

e What we need in the Dirac bracket is the inverse of this matrix. We will see later that the terms we are
interested here are the terms with the derivatives of the delta functions. To explicitly find the form of
C abl = (% we need to consider a continuous form of the calculation We must have that the Dirac

bracket of one of the secondary constraints is always 0, meaning we must have that (see definition of
continuous Dirac Bracket below [6.11):

[ [t 7600, 0u(0)}C (31,22) {0n(a), 0003} = {60 6:3))
— C%(z1,22) {¢p(22), Pe(y)} = CP (21, 229) Cpe (22,y) = 696 (21 — 22) (22 — ¥) (6.10)
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Looking at the form of we can see that Cyo (z2,y) = ﬁ%&(m —y). Since the delta function

is a function of zy — y we can change the derivative with respect to y to minus the derivative with
respect to zo. This way the derivatives becomes the Laplacian A = 9'0;. With this identification the
condition for the inverse matrix [6.10] becomes:

— % (z1,22) NO(z2 —y) =6 (21 — 22) 0(z2 — y)

Since this is all inside an integral we can integrate by parts to make this A act on the C% (zy,25) (It
does not hit the {f(x), ¢,(z1)} as the derivatives in A are wrt z3). This means:

AC™ (21,22) 6(22 — y) = 6 (21 — 22) 5(22 — y)
— AC“b (Zl, Zg) =90 (Zl — Z2)

This is the definition of a greens function! Which we often denote with a C% (z;,2s) = G(z1, zz)

6.5

The Dirac Bracket

This matrix allows us to explicitly calculate the form of the Dirac Bracket. This was defined for discrete
systems in but we will need to modify it for the continuous case, by:

(0,90} p = {/(),9(¥)} / 2 / Bor{ (%), 6a(21)}C (21, 2) (4(22), 9(y)}  (6.11)

Finally we have bracket that encapsulates the constraints and allows us to set our constraints in a
strong sense, i.e. before we explicitly calculate the bracket.

If we want to apply this to our electromagnetic case, we can first recall what we had from the regular
Poisson bracket. The positions are given by our field A’ and the conjugate momenta given by m; = —EY.
Calculating their Poisson bracket we find:

{mi(x), A (y)} = — / d%?ji;((’;; gﬁ;gi = - / d*268616(x — 2)d(y —2) = —5]8(x — y)

However, this does not encode our constraints, which we can see by taking the partial derivatives with
respect to x and y:

o 0
D7 Oy (x—y)
Once gain when we pass to the quantum theory and turn this Poisson bracket to a commutator, we
expect the LHS of this to vanish due to the constraints. However, the RHS of this equation will not
vanish. Thankfully in the last section we developed a bracket that still gives us the equations of motion

while respecting the constraints of the system. This means we can write down the Dirac bracket of
mi(x) and , A7 (y):

{mi(x), AT(y)}p = {mi(x), A9 (y)} — / @2 / 22 {mi(x), 6a(21)}C (21, 22) {n(22), AT (y)}  (6.12)

{0'mi(x),0;47 (y)} =

We then need to calculate all the Poisson brackets of m; and A7 with the constraints For m; we
can see the vanishing brackets are:

0
C ot = mo(x 0 _ 32671'0()() 0A7 =
{71',, 0}—0, { 0( )’A (Y)}_ /d 87Tk(Z)%k(%_o
0
{ﬂ-ijajﬂ'j}: —/dSyl{W,Wj}(%j,)jfs(y—yl% {ﬂ'i?ﬂ-j} = _/deg;r;%i {7Tz7aj7Tj} =0

®Note that the greens function of an operator is also often denoted as one over that operator.
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Similarly for A7, the vanishing terms are:

A aAl (x)
i A0 _ 3 _

oy = - [eyiaangtosy -y (aa) - /d3 Sjk% {47,047} =0

e The only non vanishing terms are:

(0.5} = [ @ 60 A0} 500 -3 =61 [ (505009 oty =)

767‘6(x7y)

8

% j _ / % . 0 oy — st ! 9 X — R
(A6, P15 (y)) = / d3y g <gi,wjiy>}a(y,)j6<y V) =8 [ (Gomax =) ) sty =)
6;6 X—y

ey

This finally allows us to calculate the Dirac bracket [6.12}
{mi(x), 47 (y)}p = {mi(x), 47 (y)} — /d321 /d?’Zz{Wi(X), Op A" (21))}C (21, 22) {0 m (22), A7 ()}

= {Wi(x), A](y)} — /d321 /d32’25£€ (83165()( — Zl)> 042(Z1,Zg)5li88yl(5(y — Zg)

= {m(x), A (y)} — /d3z1 /di”zQ(S(x —21)6(y — 22) <8ii(;)ij(z1,zQ))
0 0

= —5](5()( y) —

e aij(X,y)

Swapping the order of these, adding an i as the operators must be hermitian and changing the Dirac
Poisson Bracket to a commutator we have our commutation relations:

(4060, ()] = i8/3(x — y) + i 5 G.y)

We can see how this looks in momentum space by considering how the Laplacian A acts on its greens
function. We must have that AG(x,y) = d(x — y), so:

5 [E8 aprer oy ot —y) = o) =
(2m)3 y 2
y . d3p 1 plp7 ,L x

— We.m) =i [ 5t (63 = ) &
Then using the fact that m; = —F; and lowering the index j on both sides (which picks up a minus
sign on the vectors A7 and p’), we arrive at the commutation relations:

= [4;(x), Bi(y)] —i/dgp 5ij — PP g () (6.13)

7 2rpp \* " p2
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6.6

Polarization Vectors

e We would like to proceed now to write down a general expression for the A*(z) field. To this we first

need to find what equation of motion it must satisfy. We start with the Lagrangian density and
expand it as follows:
0" A" [0, A,

— O Ay

1
Lolax = - [ AV —

1 14 v
= S [0"4"0,4, — 0" 49,4,

Where we have relabeled some indices to arrive at this last expression. We can now plug this into the
equations of motion (this was for a scalar field but we can simply replace ¢ with A, ). This results
in:

Oy (0VA') — 0,0'A” =0

This first term expands to 9, (0¥ A*) = 8”(9;A") + 0p0” A. This first term vanishes as we are in
the Coulomb gauge. For the last term we can recognize that this term must have come from the
9°Av9, Ay = OV A'9; Ag |E| part of the Lagrangian. This term can then be integrated by parts to have
—0°9; A' Ay which also vanishes in the coulomb gauge. Thus we can say that the Equations of motion
are:

9,0"A” =AY =0

So each component of A” satisfies the massless Klein Gordon equation

6.7

Commutation Relations

We can now expand A*(z) in terms of its Fourier transform. But we should first remember that our
choice of constraints and gauges have made it so that A% = 0 so we are not interested in that term.
The expansion is then:

d3

A= G

Immediately from this we can see that the Coulomb gauge 9; A’ = 0 implies that:
§-p=0

Thus to be most general we can pick & to be a linear combination of two orthonormal polarization
vectors €., r = 1,2 which are orthogonal to p so €,-p = 0. Them being orthonormal means €, €, = d,,/.
With these vectors and the fact that the components of A satisfy the KG equation we can write down
the mode expansion of A:

ip-X

3 .
5- (f) g'z[ o + et (6.15)

r=1

\. J

5This simplification can be made as any terms with p = v vanish as F,, has only 0’s on its diagonal
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Where we have made the same sort of expansion for E as we also have that V - E = 0 and for the
different factors we have taken inspiration from our expression for momentum density so that we
can arrive at the commutation relations we derived above.

e The next step is to derive the commutation relations. But before we do this we need to derive a
sum relation for the polarization vectors. In plugging our above expressions into the the commutation
relations [6.13| we will have a sum over the product of two different components of the €,’s. To find an
expression for this we posit that we can expand this product over possible tensors:

Z el (p)el* (p) = ASY 4 Bp'p’

Based on the two properties that these vectors satisfy, these are the only possible tensors. We can now
impose the condition that €, - €, = d,,~. If we multiply both sides by €;* and sum over i we get the
following:

> ORI R) = 3 [A89€ (p) + Bpipyel ()]

— d'(p) = AdH(p)+0 = A=1

Where we have used the fact that Y, €/ (p)es(p) = 1 and Y, piet*(p) = 0. We can then repeat this by
multiplying by p; and summing over %:

ZZP p)el*(p) =’ + By p|®

1
p|
This gives the nice expression that:
> el ) = 67 - B

r

We can now easily use this to check what relation the creation and annihilation operators satisfy:

i , d3pd3 « st i(px—y-q) | Li* . rt Hpsmya)
[A(z), B (y)] = Z[ JeI* ()l azlei®*¥O) 4 é* ()l (q)[al}, agleIP>*-¥a
+ n(p)el(@)[ap, agle' P>V + € (p)el (q)ay, agfle !PTV D

So we can see this is equal to if the creation and annihilation operators satisfy:

[ ag) = g, agl] = 0

[ap, agf] = (27)°576%) (p — q)

P’ q
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6.8 QED Propagator

e We can then simply calculate the Feynman propagator for QED by calculating the time ordered product
of the two fields:

3nd3 . . . .
<0|T{Ai<x>Aj<y>}o>=<o:r{ / Tr0d LS [ (p)ape + e (pagie»]

(2m)° \/4[plla] 43

< [ell@age™ + & (@agle™ ] } o)

= <”{/ 2m7 2p] (5” s ) ¢ } 0

From here we can employ the same techniques as we did with the KG propagator to make this
an integral over p° (remembering also that A has m = 0 since its components satisfy the massless
KG equation). We can also see that the time ordering will make this a Feynman propagator which we
achieve by having an +ie in the denominator. The final result is:

d4p i DiDi
DE(p—y)= [ =L~ 8 —
(@ =) / (2m)* p? + i€ < 7 p?

) e~ (@=y) (6.16)

e [t turns out that this is not the most useful version of the Propagator in QED. A cleaner Lorentz
invariant version is obtained from following the above procedure for the Lorentz gauge. This is not as
nice as it is for the Coulomb gauge. The nice thing is that it can be shown that the two propagators,
when placed in the calculations that the Feynman rules for QED involve, result in the same terms. A
proof of this can be seen on page 142 of David Tong’s notes on QFT. This propagator takes the form:

4 —i vV —ip(x—
OT{A @A) = [ G527 = Dl (a =) (6.17)
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7 Interacting Fields

e We have seen in the interacting theory, that the main quantity of interest to us is the two point
correlation function as this is related to the Feynman propagator We will be doing this for the
Klein Gordon field with the addition to the Lagrangian of the interaction term %(]54. We don’t try do
this for ¢3 as this is not bounded from below and we must always have a positive definite Hamiltonian
and ¢3. It also turn out that any terms of the form ¢™, n > 4 are not physical, as since the scalar field ¢
must have dimension [mass]lz], then the coupling constants for n > 4 must have units 1/[mass| meaning
on low energy scales these terms dominate. This is nonphysical as we don’t expect interactions to
dominate at low energies.

7.1 Two Point Function

e It is not guaranteed that the vacuum of the interacting theory will be the same as in the free fields
case. To account for this we will denote the vacuum in the interacting case by |w). The two point
function is then:

QI T{¢(z)o(y)} 1) (7.1)

This quantity is important as it can be interpreted physically as the probability amplitude for propa-
gation of a particle or excitation between y and x. We will approach this perturbativly, meaning we
expand around the free field solution ¢; in powers of the interaction parameter A. This is handy as we
know in the free field case the propagator is (0| T{¢7(z)¢(y)r}|0) = Dr(z —y). The Hamiltonian is
the Klein Gordan Hamiltonian along with the addition of the interaction Hamiltonian Hijy:

H = Hy + /d?’xi\! (%) (7.2)

We know the fields will then be time evolved by:
B(t, x) = 1) (1 x) e~ iH(b=t0)
We can also consider the interaction free field, i.e.:
O(t, )0 = €U0 g(tg, x)e 7)< (2, x) (7.3)

Since this is the free field we already know the solution given by If we make the assumption that
at to these fields are the same at tp then we can write ¢(tg,x) = e*"HO(t*tO)qﬁj(t,X)eiHO(t*tO), meaning
we can write our field in terms of the free field:

o(t,x) = eiH(t—to)e—iHo(t—to)gbI(t’ X)eiHo(t—to)e_iH(t_tO)

= U (t,t0) 1 (t, x)U(t, to)

Where we have defined the unitary operator Ul(t, o) = etHo(t=to)e=iH(=t0) We can note that U(t, o)
satisfies the following differential equation subject to the boundary condition U (tg,ty) = 1:

i;U(t, to) — eiHo(tfto) (H _ HO) e*iH(tftD) _ eiHO(titO)Hmte*iH(t*tO)
= ¢HHolt=to) f, \ e=tHo(t=t0) gitlo(t—to) g =iH (t=t0) — Fy (£)U (¢, to)

"We can figure this out from imposing that the action must be dimensionless (since & = 1) then our Lagrangian must
have units [mass]*
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Where we have defined:

Hp = =t g, o=iHolt=t0) — /d393 7 (t,x)

This last equation is true as the the sandwiching of ¢(tg,x) in between exponentials et (t=t0) g the
exactly the definition of ¢; as seen in[7.3] It is also the case that this changes any power of ¢ to ¢; as
the exponentials are unitary so we can place 1 = e (t—to)g—iH(t=t0) jp hetween each of the ¢'s.

7.2

Dyson’s Formula

If we can solve this equation for U, then in principle we will have U = U(¢;), which is good as
we already know the form of ¢;. This differential equation should have a solution something like

. rt ’ /
Ul(t,tog) ~ ¢t ro @ HI(E ), however, the actual solution is more complicated, due to the fact that the Hj
is an operator. To first order in H; we can see that the solution must take the form:

Ult,tg) =1+ (—1) /t dt1H(t1) + O (H7)

to

However, we will have issues of ordering when multiple H; are introduced. To fix this we need to
consider causality. This means that we should always have the operators acting in time order, meaning
the operator evaluated at the earliest time should be on the right and the operator evaluated at the
latest time on the left. This means the second order should take the form:

(—1)2/ dtl/ dtoHy(t1)Hy(t)
to to

Confident that this is the correct form we can now proceed to write this in a simpler manner. To do
this we can consider the fact that geometrically this integral is over a triangle in the t; — ¢5 plane (see
image pg 85 of Peskin), made by the square of side lengths ¢ — ¢y and the line ¢t; = to. But the integral
over this upper triangle is the same as the integral over the lower triangle, as it does not matter which
variable we call £; and which to. This means we can simply consider the integral over the entire square
and divide by 2. However, we still need to consider causality, so we make sure the operators are time
ordered using the time ordering operator 7" as in [2.18

(—i)Z/ dtl/ dtoHy(t1)H(tz) =
to to

This can then be extended to higher order terms following the same logic:

—i)2

/tt dty /tt dtoT{Hy(t1)H(t2)}

(—i)”/t dtl/t dts - / b Hy (41 H (t) - - Hy(t)

t
dty

to

tdtz . /tt T{H(t1)H(t2) - - - Hy(tn)}

to

This allows us to write down the full solution as:

Ult,t)) =T {exp ( /t dt' Hy(t )>} (7.4)

This is known as Dyson’s formula.
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7.2.1 Properties of Time evolution

e This time evolution operator must satisfy the following properties.

— Causality: U(t1,t2)U(t2,t3) = U(t1,t3), which is easily seen to be satisfied by Dyson’s formula
as the integrals should add the bounds and become one integral.

— Unitarity: U(ty,t3)UT(t,t3) = U(t, o), this follows from manipulation of the first property.

7.3 Vacuum State

e Now that we have an expression for the evolution operator purely in terms of the interaction free field
o1, we would like to see if we can find an expression for the ground state, |Q2). We can start with the
vacuum state |0) and involve it in time by time 7', e=*#*|0) =. We can posit that the resulting state
will at least contain the ground state |€2) as well as a number of other excited states. These will satisfy
a completeness relation [2) (2| + >, |n) (n| = 1 meaning we can insert this in between the e~/* and
the |0):

e—th |0> _ e—iEot |Q> <Q|O> + Z e—iEnt |n> <n|0> (75)

Where the E,, are the eigenvalues of H. Since |Q2) is the ground state we must have that E,, > Ey. We
can exploit this energy difference by taking the limit as ¢ — oo, however, we need to include a slight
imaginary part to the limit ¢ — oo(1 — i€) , the imaginary part —ie exponentially decays the terms
with e~#Fnt faster then the first term with e~*#0! leaving us with only the first term in This means
we may write:
o—iHt

| > t—o0(1—ie€) e~ iEot <Q’0> | > ( )
Since t is large in the limit we can manipulate this by adding a constant ¢y in the exponentials, we can
also abuse the fact that Hp|0) = 0 to add in factors like: e*#o(t=t0) |0) = |0). This means that we can
write:

0= i e imea
= bsoaliic) € e—1Eo(t+to) <Q|0>
. e—iH (to—(—1)) giHo(to—(~1))
:Holiﬁl_m e—iEo(t+t0) (Q]0) |0)
~ U(to, —t)
t—o0(1—ie) e~ Eo(t+to) (£210)

10)

In a similar manner we can expand (2|, this takes the form of the complex conjugate of the expansion
of |©2), but with the addition of taking the limit as ¢ - —oo as now that is the limit that will isolate
the F,, term. Since this is the same as taking the limit —¢ — co we can write this as:

. U(t, to)
Q| = | 0
W= O =5 o)

e We can then use this to expand our two point function

QI T{o(x)o(y)} I22)
U(t,to)UT (0, to)d1(x)U (2%, t0)UT (3, t0) 1 (y)U (4°, t0) U (to, —t)

:t—>olggl—ie) (0] e—2iEot| (0|Q2) |2 0)
: U(t, 2°)¢r(2)U (2%, y°)pr (y)U (v°, —t)
— 0 . 0 77
Hoéﬁiie)< | e—2iBot| (0[Q2) |2 7 (7.7)
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We can then get rid of this pesky denominator by using the fact that the ground state should be
normalized, i.e. (0]0) = 1:

1={0)0) = tﬁ\ololglfie) {0l e ZEO(t tO (0]€2) e~iEo(t+t0) (Q]0)

- Ut —t)
=m0 m gy 0

0)

So we can write:

o 01U %) (2)U (2% y%) 1 (y)U (40, 1) [0)
QAT{o()o()} 1Y = lm O[T, 1) |0)

So far we have considered xy > yo so that these terms have been time ordered, but we can write this in
a general manner by adding the time ordering operator. Finally to make this look nicer we can write
all of these terms using Dyson’s formula Since Dyson’s formula only involves ¢; each of these
operators commute with ¢;(x) and ¢;(y), this means we can combine the exponential expressions as
the bounds are in order:

01T {61(x)or(wexp (=i [1, arHr)) L o)
QI T} D = lim {or@ortwexs (=i [ av () §

etz 0| T {eXp (—z‘ I dt’HJ(t’)> } 10) (78)

7.4

Wick’s Theorem

Since H is comprised of ¢; we have essentially, with the above discussion reduced the problem of calcu-
lating correlation functions to the calculation of terms that look like (0| T{¢7(x1)pr(z2) - ¢r(xn)} |0).
But we can abuse the fact that our non interacting fields, as seen in are constructed of positive
frequency terms (terms of the form e~%%), which are attached to creation operators and negative fre-
quency terms (e??) which are attached to annihilation operators. With this identification we can split
up our field ¢ into negative and positive frequency components:

or=oF + o7

Since these components are attached to the creation and annihilation operators respectively we can
use the nice fact that they will act on the vacuum via: ¢} [0) = 0 and (0| ¢; = 0. This allows the easy
manipulation of terms of the form (0| T{¢7(x1)pr(z2) - - - ¢1(xy)} |0). For example in the case of n = 2
and with 20 > 30, we have that:

T{61(x)d1(y)} = &7 (2)6F (1) + &F (2)¢7 () + b7 ()07 () + 67 ()7 (y)
= ¢f ()0} (y) + (67 (W)oF (2) + [6F (x), 7 (y ])+¢I (2)¢} (y) + ¢F (2)o] (v)
= N{¢r(x)p1(y)} + [6] (), 9] ()]

Where we have defined the Normal ordering opemtoﬂ which places all the negative frequency terms
on the left and all the positive frequency terms on the right, ensuring that these terms vanish when
places within a (0] - - - |0).

0

We can then generalize this to the case where we don’t know if 2° > ¢° or 2° < ¢°, by defining a

contraction of two fields as:

Ry {W(w%fﬁ? ()] 2°>4° (7.9)

¢I(x)¢1(y) = [¢}§-(y)7 (b[_ ($)] 20 < yO

80ften the notation : ¢r(x)¢pr(y) : is used to denote this also.
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What is great about this quantity, is that it is exactly the same as the Feynman propagator we defined
in (when we place it between (0| - - - |0)).

We can now generalize this statement to correlation functions with n > 2:

T{pr(z1)dr(x2) - - dr(xn)} = N{dr(x1)pr(x2) - - - ¢1(xn)} + all possible contractions (7.10)

This is known as Wick’s theorem. Often the contractions are included in the argument of the normal
ordering operator, which makes no difference as they are functions not operators and thus N{f} = f.
To see what we mean by all possible contractions we will write down the n = 4 case:

1

T{1¢ads3da} = N{d12364 + b1 dabsda + by dadsds + by dadbsa

+¢1¢;ﬁ3¢4 + ¢1M4 + M:&@ + ¢1<f>2¢;ﬁ4
—t— 1 —t—t

[ [
+¢1 929304 + P1P2P3P4 + ¢1¢2¢3¢4}- (7.11)
When we contract two fields that are not beside each other we still get a Feynman propagator as it

[

is just a c-number, meaning N{¢; pa¢p3ds} = Dp(x1 — x3)N{p2¢4}. This means that in [7.11| the only
terms that do not vanish are the last four. This makes clear what we mean by all possible contractions.
the final result is then:

(O]T{¢1¢2¢394}(0) = Dp (21 — x2)Dp (23 — 74)
+ DF(asl — l’g)DF(fL'Q — 264)
+ Dp(z1 — x4)Dp(x2 — x3). (7.12)

7.5

Feynman Diagrams

When we go to higher order calculations, it can get hard to keep track of all possible contractions. To
help with this we can draw specific diagrams that help us visualize each of the individual contractions.
These are known as Feynman diagrams and the idea is as follows. If we have for example the propagator
above, (0|T{¢1(z1)p2(x2)P3(x3)da(x4)}|0), then we can represent each point z; as a point in space,
and each propagator, Dp(z; — x;) as a line joining x; to ;. This means can be written as:

(O[T {d1020394}(0) = - +

We can ascribe to each of these diagrams a physical interpretation, in that we can say each diagram
represents 4 spacetime points where particles are created then propagate to swap with one other particle
and annihilating. But this is not physically happening, this is just a tool for calculation.

7.6

Interacting Feynman Diagrams

Things also become more complicated when we not only add more points to correlate the fields at, but
make it so that more then one fields are at the same point in space-time. Let us look at this case for
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our interacting correlation function, which we showed takes the form of [7.8] for now we will just discuss
the numerator. We can expand the exponential up to linear order in the interaction parameter A:

o1 {s@otme (o /_ttdt'm'))}m:wT{¢<x>¢< )il / ()} 10)+ 00

The first term in the approximation is just Dp(,_,), where as for the second term we can use its
definition in to expand, before we attempt to apply Wicks theorem:

—z‘<0T{¢(fﬂ)¢(y)/_ttdt'HI(t')}‘0>: <0‘T{ /dt/d32¢4 }

e We then we need to figure out all the ways of contracting these terms. There are two case of this,

we could have that ¢(x) and ¢(y) are contracted, then there are % X (3) = 3 ways of choosing the

remaining 2 contractions (the factor of a half is here as it does not matter what order we picked these
contractions in). The other case is that ¢(x) is contracted with the any of the 4 ¢(z)’s (of which there

are 4 possibilities), which leaves 1 x 1 3 contractions of ¢(y) with the remaining 3 ¢(z)’s. Thus

2 2
there are 3 x 4 = 12 possibilities for this second case. With this we can write these contractions in
terms of propagators using Wick’s theorem

o {s@otes (~i [ tt a(®) } o

—Dp(z —y) +3 ( Zﬁ) Dr(z —y) /d4zDF(z ) Dp(z - 2)

+12 ( 4)‘\> /d4zDF(x —2)Dp(y — 2)Dp(z — z) + O(X?)

e We can then draw the Feynman diagram for these contractions, which will look like:

( T . oy >+3 T . Y z | 412 .L‘ (7.13)

T Z Yy

e From this example we can get the general picture of how we can construct diagrams for every possible
calculation. First we split it up into the terms which correspond to different diagrams, then from these
diagrams we calculate an over all factor that multiplies these terms based on how many different ways
we can construct the same diagram.

In general given a diagram with v vertices (this means v integrals, so the vth term in the Taylor series),
the overall factor in front of the diagram will take the form:

C [—iN\" 1

——) == 7.14

v! < 4! > S (7.14)
Where here the v! comes from the fact that this is the vth term in the Taylor series and the (jf,/\)v

comes from the fact that each of the v integrals comes with a factor of ( ) The remaining factor of
(' is to do with how many different combinations of contractions are pos51ble For example the factors
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4 4 . .
of % X <2> =3 and % X <2> x 4 = 12 that we had in the above examples are examples of this factor of
C. One nice thing from this is we can notice that generally the factor of C' will contain a factor of 4!

;l) above). This will always cancel

the (4!)Y we have in the numerator, so we don’t have to worry about that term. The same will happen
for the v! as C will have to involve a permutation of the vertices. This means we are left with a smaller
part of C. Another way of thinking about this is to involve a symmetry factor S, which is related to
this left over expression as can be seen in Genrally this factor will not be larger then 2.

for each vertex/integral (this is hidden inside the choose function<

7.7 Feynman Rules

e We can write down the rules for constructing these diagrams and in turn how to go from the diagrams
to a calculable expression. We formulate these as 4 rules called the Feynman rules:

1. For each propagator: Z * *Y =Dp(x—y)
2. For each vertex >< = (—i)) [diz
3. For each external point: & ———— =1

4. Divide by the symmetry factor.

e We can once again give physical interpretations to these diagrams. Each vertex factor (—i\) can be
thought as the probability of amplitude for emission, and the integral over all spacetime [ d*z tells us
to consider every space-time point where this could occur. This is just the superposition principle.

7.8 Momentum-Space Rules

e We can also discuss these diagrams in momentum space. For this we can make use of the Fourier
expansion of the Feynman propagator Dp(z — y) [2.19 This way we assign a 4-momentum to each
propagator, and hence we need an arrow to denote the direction. For now the directions should not
matter as Dp(z —y) = Dp(y — x), but later we will need to conserve quantities likes fermion number.
As an example if we have single vertex connected to 4 external points:

b1

.

D2

b2

e Recall that since we are adding a propagator in momentum space (of the form [2.19)) for each of these
lines, then this means we get an exponential e~ *Pi* for each of the momenta p;. This along with the
integral over all of z spacetime, means we can separate the following contribution:

/d4zeiplzeip226ip3'zeip4z = (2m)*0(—p1 + p2 + p3 + pa) (7.15)
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Note the sign of p; is flipped as it is going in the opposite direction. This factor implies the conser-
vation of momentum at each vertex! This motivates us to write down the following Feynman rules in
momentum space:

e We can write down the rules for constructing these diagrams and in turn how to go from the diagrams

to a calculable expression. We formulate these as 4 rules called the Feynman rules:

S

1. For each propagator: » = m

.

2. For each vertex = (—i))

For each external point: e« = %P7

=W

Impose momentum conservation at each vertex

ot

4
Integrate over all undetermined momentum [ 7(5#;4

6. Divide by the symmetry factor.

7.8.1 Integration path

e We have glossed over a slight subtlety in the fact that we have simply combined the ff ' dz0 with the

[ d®z to make [ s*z. But we forgot to consider that inwe were considering the limit ¢ — oco(1 —ie).
If we look then at the integral we had above this now becomes:

t
lim / dzo/d3zei(P1—P2—p3—p4)Z
t—oo(1—ie) J_¢

The exponentials here will now blow up in the limit if their exponent contains any non imaginary
terms (which is the case if ¢ — oo(1 — i€)). The only way to counteract this would to have p" be the
complex conjugate of 2%, so p o< (1 + i€), which seems like a strange condition until we remember we
are working with Feynman propagators! This means we already have p° oc (1 + i€) in order to avoid
the poles of the contour integration. So there are actually no dilemmas here it seems.

7.9

Vacuum Diagrams

We can notice that momentum conservation at every vertex can have have strange consequences for
loops. At a loops we have the same momentum going in and out so the terms will cancel. This is fine
for diagrams with external points, as it just means the loops momentum does not contribute to the
momentum conservation. However this does become an issue for diagrams with no external points (we
call these disconnected diagrams). Here all the momentum cancel out and we are just left with a 6(0).
This seemingly divergent factor can be understood by the following argument:

t
5(4(0):/d4w-60:/d3w/ duw® =2t-V
—t

Where V is the volume of space we are considering and t is the time in the limit. Both of these clearly
blow up if we consider all of space and all of time.
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e We can consider the set of all such loop diagrams with no external points:

Each of these diagrams will have a divergent factor of 2tV. It will be the case that a given Feynman
diagram ﬂ it will be made up of both connected (having endpoints) and disconnected diagrams. See
for example the term with the co-efficient 3 in [7.13] We will for convenience denote the contribution of
the disconnected diagram V; by V;. Then we can consider the Feynman diagram with n; copies of the
disconnected diagram V; along with the single copy of a connected diagram. See the example below:

5 88 g -

Since these diagrams are disconnected they don’t affect each other and we can simply write down their
contribution as the product of the n; V; divided by n;! to account for the ordering not mattering. This
happens for each of the of the disconnected diagrams indexed by 7. These contributions all multiply
by the original connected diagram factor which we can just call A. The value of the diagram is then:

AT 0

7

Looking back at the denominator in we can see that this term involves no ¢(z;) and thus is only
made of disconnected diagrams. Since there is an exponential this quantity will contain Feynman
diagram terms that will have all possible number of n; for each 4, hence we can write down the total
contribution as:

<0|T{exp (—i /_tt dt’HI(t’)> } =3 (H nli!(vi)g)

all {n;} i
(ki ) (S ) () o =TT (S 008 ) = (0]

With the numerator of [7.§] we can recognize that the same thing happens, just there is a connected
diagram in each term. This means the numerator of becomes:

o7 {siores (~i [ ata)) }10) = 3 (comeetea) x 3 (H nliﬂ‘/i)?)

all {n;} i

= Z (connected) x exp (Z V%)

This means that the problem divergent terms that come from the disconnected diagrams cancel in our
actual calculations! We are just left with the connected diagrams:

QI T{p(x)p(y)} |2) = sum of all diagrams with two external points

9where by Feynman diagram we mean one of the terms in the sum of the calculation of the n-point functions, see the terms

in the brackets of
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This can be generalized to n—point correlator by replacing the RHS with all diagrams with n external
points.

e As a last point we can compare and (since they have the same numerator and denominator) to
write:

im (017 {o@ontwesn (i [ t at)) bio

t—oo(1l—ie ¢
— @ITo)o} )l (5 0l) )

But we have just shown that the LHS is o< exp (>, V;) so we can compare the time dependent arts of
this expression to:

exp <Z %) ~ e 2t
%

Recalling that each factor of V; contains a factor of (27)*6®)(0) = 2T - V we get an expression for the
energy density of the vacuum:
8 + +

v (2m)(4)5(4) (0)
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8 Cross Section & S Matrix

e The calculation we would like to perform is the differential cross section, that is the derivative of

the cross section o with respect to the solid angle €, g—g. This is a useful quantity as it is easily

experimentally observed. In a particle collider, electrons and positrons are prepared in batches of
length 14 and lp and densities py and pp respectively. When the two batches collide if the over
lapping area of the head on collision is A, then the cross section is given by:

Number of events
papBlalpA

(8.1)

Q
Il

8.1

The S Matrix

The general picture for calculating the cross section is to consider a wave packet of initial states and
evolve them for a large time using e *#*. We then overlap the result with a set of final wave-packets
representing the desired final state particles |¢). This gives us the probability amplitude for the
production of a given final state, which we will be able to relate to the cross section.

We can write down final wave packets in the following form:
Bk 1
[ / 2y 55, ) k)

Where ¢(k) is the Fourier transform of the spatial wavefunction. The factor of 1/y/2F) is to revert
back to conventional normalization where we had introduced it originally to have Lorentz invariance.
This means:

3
o) =1 — | (;l?f)gww 1 (3.2)

Due to the fact that |k) = \/2EkaL |0). Given this normalization the probability of the initial state of
two particles A and B evolving into a set of final states |¢1¢3 - +),is:

P= (102 | dadp) |”
N—— =~

future past
Our initial particle states will be wave-packets, Constructed so that they do not overlap spatially; but

we will be considering the limit in which they become centered around a single momenta. |¢4¢p) will
be a superposition of such packets. The general picture for this interaction is:
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Figure 1: Incident wavepackets are uniformly distributed in impact parameter b.

e In general we will be considering co-linear interactions (so b = 0). To account for this fact we will
separate the contribution of the momenta of ¢5 along the direction of b, this amounts to adding in
a factor of e~P*5 to the integral expression (as this is the form of the solutions to the Klein Gordon
equation) which then takes the form:

[ Pha [ PRs 9ads b
1Pads >_/ (277)3/ CrP 2 BBy A 8.3)

For the out states it is preferable to consider specific momenta p;, so the main object of interest we
will need to compute is i, (P1Ps - - - |kaksn) - But recall that we defined our out states to be in the
far future and out in states in the far past, so we must include the limits in this:

in <p1p2 e |kAkB>out lim in <p1p2 s |k.AkB> out
t—
00 %t/_/ \,—/t

. —iH (2t
= Jim o (p1py - - -l )|k Ak

Where in the last line we have added the time evolution operator so that both states are at the same
common reference time for this limit. This then brings us to define the S matriz as:

in <P1P2 T |kAkB>out = <P1P2 T |S|kAkB> (8-4)

e It is clear that if there no iteration between the particles then the S matrix is just the identity. This
motivates us to isolate the interacting part of the S matrix by defining the T" matriz as:

S =1+l

8.1.1 Invariant Matrix Element

e There are more things we know S should satisfy. It should conserve momenta at each collision, meaning
T should contain a delta function 6 (kg + ks — >_¢Py). What is left over as part of T will be known

- 63 -



Quantum Field Theory I 8 Cross Section & S Matrix

as the invariant (as it must be Lorentz invariant) matriz element and is denoted with a M. Formally
this is defined as:

(P1py - [iT|kakis) = i(2m)*0Y (ka+ ks — Y py) Mk, ks = {py}) (8.5)

Where M depends on the initial and final states as would be expected.

8.2

2 Particle Scattering

Our next step will be to see how the cross section o depends on M. We will do this infinitesimally, so
we start with the probability of the initial state of particles A and B scattering into a final state of n
particles who’s momenta lie in a small region d>pid®ps - - - d>p,, of the phase space. This probability is
given by:

dpr 1
PAB—-12..n)= ]] (%)’;E lout (P1 - Pul.408);, |* (8.6)
f

With this the total number of scattering events N will be the sum of this probability over all incident
particles, i.e. all the different particles in figure [I| with different impact parameters. In the continuity
limit when we talk about particle densities this becomes an integral wrt the impact parameter b:

N= ) Pi= /denBP (8.7)

all incident
particles @

Where ng is the number density. of B particles. We will assume that this density is constant and take
it out of the integral. This then nicely leads us to the cross section which is defined in (where
np = pplg and Apala = Ang = N4, where N4 is the number of A partiles which is just 1 as per our
setup.):

N N N
PAPBZAZBA nBNA nB

d*bP(b)

We can then combine this expression with [8.6] and [8.3] to get the infinitesimal cross section :

do — d pf / /dgk‘A / d*kp / d3Ky / APk Dk a)05(kp) 04 (ky o5k,
2Ef (@m)* ) (2m)° 2y/Bx, B 2, [Ey By,
x e P es=ls) (L ({p 3 kaks) i) (ous ({P s}k 4kE) in)” (8.8)

Where we have integrals over k and k' as those terms are squared in Carrying out he b integral
will give us the delta function §(2) (ké‘ — kBJ‘). We can get more delta functions by using the definition
of the invariant matrix element defined in so we can write the brakets in do as:

(ont ({07} kaks) in) = i(2m)*39 (ka + ks = > by ) Mlkarks = {py})

(out ({0} KaK) i) = —i(2m) 6D (K + K = > py) MK, Kis > {py})

The two delta functions in 6 (k — k) and the 4 in (out ({pf} K/ 1K) in)* allow us to perform all 6
integrals over k’y and kj. The only non-trivial one of these is the Oth component, which we need to
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explicitly calculate, we do this with the help of the z component of k, which point along the direction
of collision:

/dk Ak ( pr) (Ex+ Ep— Y _Ey)
- /dkfﬁé(\/kﬁqtmi%— Vi +mi = Ep)

M= pr—k
_ 1 _ 1
- k'z k!z - .
-] va vB

Where we have used the property of the delta function that:

5(f(x)) = Maw ~x0)

6(k — ko)
|dE 4/dk + dEg/dk|

:>5(EA( +EB ZEf

Where kg is the k such that E',(k) + Ez(k) = > Ey. All of this allows us to write [8.8| as:

w— (11 dpy 1\ MKy, ;ﬁ{pf})lz/d%\/d%s
B 7 (2m)3 2E; |  2EA2Elva — vg| (2r)3 ) (2m)3

< loa(k) Plos(ics) (2m) 0 (ka +ks = 3 py)

e The wave-packets that we created as part of the in states, ¢p4(k4) and ¢p(kp) can be made as resolved
as our detectors can be, meaning our detectors cannot resolve the spread of the wave-packets only their
central value. We can thus to good approximation replace k4 and kg by p 4 and pg in the integral
and pull the delta function out. The remaining integrals are just the normalization of the wave packets
that we had in so these go to one and we are left with the following which does not depend on the
wave-packets constructed:

d3pf 1 IM(Pa,PB — {Pf})|2 4 £(4)
v 1;[ 228, | 2Bt —ve 200" (PatPs = Yopy) =

To get to the total cross section we will have to integrate this expression. This amounts to integrat-
ing over the phase space of all possible output momentum subject to the constraint of momentum
conservation. We will often concisely write this as:

dpf 4 4)
/ /H 5x)2E, (2m)%6 pr (8.10)

Where P is the total momenta (P = p4 + pp in the two particle initial state).

8.2.1 2 Final Particles

e In the case of two final particles, one finds [T_U]

2|p| ds
i = 11
/ 27 8n <ECM> Ar (8:11)

0For this calculation see pg 10 of my Standard model notes here
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Where p is the value of p such that 4 + Eg = Ecvm. The notable limit is the relativistic one
where we send the masses of the scattering particles to 0 (they are small compared to their energy).
This means if P = (Ecm,0) = pa = (Ea,p) & p = (Ep,—p), then in the relativistic limit
E >>ma,mg = Ecu = Ea+ Eg ~ |p| + |p| = 2|p|. This makes the factor in brackets of [8.11]
unity, which allows us to write [8.8| as:

do 1 1 9
- = -

We can then impose that in the massless limit, he particles will move at approximately vq4 = —vg =
1 = |vg—vp|=1aswellas E4 = Eg = %ECM, so we finally have the well know result:

do |M?

_—= 8.12
dQ ~ 64m2 2y, (8.12)

8.3

Decay Rates

Decay rate is the constant that describes how likely particles are to decay into other particles. The
probability for a particle A to decay at a time ¢ is given by P(t) o< e71'4*, We can think of decaying
particles as a scattering process where the single original particle A becomes n final particles, A —
1+ - -n. With this consideration we can derive an equation for the differential decay dI' in a similar
manner to how we calculated the differential cross section In this case we only consider a single
initial state, so only one wave-packet is considered in We also can do this in the rest frame of the
decaying particle where the particle energy E4 is just E4 = m 4. Following this procedure results in:

1
T'y=— A— 2
dl 4 5 A],/\/l( {ps})|°dII,

8.4

S Matrix From Feynman Diagrams

We saw that in equation like we could express the ground state |2) in the interacting picture in
terms of the ground state of the free theory |0). We would like to do the same thing for our momenta
|k akp). Taking inspiration from we can guess that this will be something like:

kakp) o< lim e |k 1kg), (8.13)

t—o00(1—1€)

In the previous case we had that the proportionality factor (which contained all vacuum diagrams)
canceled out in the final formula leaving us with just the sum of all diagrams with two external points.
We will posit for simplicity that the same happens for this case and that only a subset of the Feynman
diagrams will actually contribute to our calculation. It turns out, that through a proper proof which
we will not present here, that the only type of diagrams that contribute are called Connected &
Amputated. We will explain what these mean soon.

If we had an expression like then we could use it to write the LHS of the S matrix as the

following:

in <p1p2’k¢4k3>out = lim 0 <p1p2‘ eiiH(%) |kAkB>0

t—oo(1—ie€)

x lim  o(ppo| T {exp (—i /_ tt dt’HI(t’))} Ik.aks), (8.14)

t—oo(1—ie€)
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Where in the last step we have used Dyson’s formula [7.4. We can examine the expansion of this
exponential in powers of the interaction parameter A. At first order this is just the identity which is
part of the 1 of S = 1+ iT. Thus this not part of the interaction and does not contribute to the
matrix element M, thus we can ignore these in our calculation of M. This term is just the particles
translating to the final particles, which can be seen from the Feynman diagrams which take the form:

1 2 1 2

LN\
/

A B A B

e We would like to proceed in the same manner as we did in the calculation of the expressions for the
n-point correlator. The first step is as usual, we normal order any of the terms we have left, leaving us
with some contractions. However, in doing so we quickly run into an issue. Since before our expressions
like involved the vacuum |0) we could leverage the fact that the when we split our field into positive
and negative frequency components, that they satisfied ¢7 |0) = 0 and (0| ¢; = 0. But now since we
the kets we are acting on are momentum kets and not the vacuum, these relations no-longer hold. In
fact they now do the following:

+ dgk 1 —ik-x T
oy (z)|p) = /W\/Eake V2Epay 0)

3
_ / (;Zﬂ]; L~k 3Tk — p) |0)

2Ey
= 7P |0)

Note that since our states are Normal ordered initially, all the ¢*’s are on the right and all the ¢~ are
on the left so we get a term like the one above for each way of contracting ¢’s with either in going or
outgoing states.

e Having noticed this is the case, we can see that if we have a product of fields ¢;(x), then once we use
one of them to act on the state |p), then the left over normal ordered fields act on the |0) and from then
on only the full contractions are kept as usual. With this we are motivated to define the contraction
of a field ¢ with the momentum ket |p) via:

1 1

¢1(z)|p) = e P710),  (plor(z) = (0] P (8.15)

So before when we had normal ordered terms we could ignore them as they acted on the vacuum |0)
and vanished. But now this is not the case, so in expressions like the expansion of all the terms
will contribute not just the fully contracted ones. In fact is exactly what we would have in the
second term in our expansion of the exponential [8.14] Hence this is a good thing to examine closer as
it will contain the first interaction terms.

Igthere are three types of terms, one term with no contractions ¢¢p¢eo, 7 terms with one contraction

m m

ddpd, and 3 terms with 2 contractions ¢ppoo.

—
e Case 1: Before only the ¢pp¢ terms were important, but now we can actually argue that we should

ignore these terms. Since all the ¢’s are contracted, it means there are no ¢’s left over to contract
with any of the momentum kets |p). This essentially means these terms are also part of the 1 in the
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definition of S, and do not contribute to M. The Feynman diagram for this term is:

2 1 2

- X

1
A B A B
-

e Case 2: For the ¢pp¢ terms, the two uncontracted ¢’s are normal ordered, so in terms of creation
and annihilation operators we know they will be proportional to afal + 2a'a + aa. We then use of
these ¢ to contract with either the initial momentum ket or a final momentum ket. Either way results
in us getting an exponential as well as |0) or (0]. We can then see that only the middle term in
afa' 4+ 2a'a + aa will be non-vanishing as the other terms will annihilate the vacuum bra/kets. What
we are left to do is come up with a way of drawing this process in our Feynman diagrams. Since we
have that one of the ¢’s is contracted with both the final and initial kets, it makes sense to define their
contraction as an external line:

1 1

1(@)lp) = =+——p— = P0)  (plos(a) = — < = (0] P

-
With this we have 4 different types of diagrams for the ¢p¢pp¢ terms:

1 2 1 2 1 2

A B A B A B
From these diagrams we can gather that the first two diagrams are also part of the trivial contribution
to the S matrix as they involve initial and final states that are identical. From this example we can

gather that the only diagrams that contribute to the interaction are fully connected diagrams. This is
what we meant earlier when we mentioned we will only care about connected diagrams.

1 2

A B

e Case 3: Finaly for the ¢pp¢p¢p case we have to contract each of the ¢’s with an incoming or outgoing
momentum. There are 4! ways of doing this. This Feynman is the exact one we had in [7.15 and the
diagram looks like:

1 2

.

A B

The contribution to the will then take the form of i.e. —iA(2m)*0(—p1 + p2 + p3 + p4). This
is of the same form of So we can read off that |[M|*> = \2. Plugging into we get our first
contribution to the mass frame:
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do A2 _ A2
@ou__ L o=
dQ  64m2ERy, 32w E¢y

As we have no angular dependence.

8.4.1 Amputations

e We seemed to have ignored the last two diagrams in case 2 but it turn out that we also ignore these
diagrams. There are some ”physical” reasons for doing this though I have found none of them convinc-
ing. The main reason we have to ignore these terms is because when we actually go to evaluate their
contribution we find that it blows up when we impose momentum conservation at each point. To see
what me mean consider the following Feynman diagram along with its contribution according to our
Feynamn momentum rules (see section :

b1 D2

1 d4p/ i d4k i .
- 2/ (2m)t P2 — m? / @) 2 —m? (—iN2(2m)%6W (pa +p' — p1 — p2)dW (ps — 1)

DA p B

e This integral is a big problem as just evaluating the second delta function results in the first fraction

———, but since pg is the momentum of an external particle (which must have mass m), this term
—m

P
blows up! This means that any diagram involving a loop like the one above will contain a divergent
factor. Hence we must ignore them! The diagrams with out these loops are called the amputated

diagrams.

8.5 Feynman Rules for Fermions

e We would like to extends our discussion in the previous few chapters to fermions. The main thing we
need to figure out is what contractions of fermions look like and what rules they obey. We can recall
that at the end of our discussion of Dirac fermions we defined the time ordering operator for fermions
with an extra minus sign to basically account for the fact that fermions pick up a minus sign
when swapped. This means that when we go to define the normal ordering of fermions, we have to
pick up an extra minus sign for each time we swap two fermions. There also is a bit of ambiguity in
the ordering, but the expressions are all equivalent. As an example consider the following:

N(apaqab = (_1)2G1T(apaq = (—1)3(111%1“10

e To define contractions we can simply apply the same procedure as we did with the scalar field, except
wherever we had a commutator we now replace it with an anti-commutator. For example for the time
ordered product of two fermion fields we have that:

—

T{(x)d(y)} = N[ ()9 (y)] + ¥(x)P(y)
Where we have used as inspiration to define:

20 > 40

w(mw = { %182_2% 0 = yo} = Sp(z —y)
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Where ¢" and 1~ are the negative and positive frequency components of the fields and Sp(x — y) is
the Dirac Feynman operator defined in [ With this definition through the anti-commutator we can

see that ¥ (x)y(y) = 0 and w( )1h(y) = 0. With these definitions Wick’s theorem (see Sectlo take
pretty much the same form. The only thing we need to be wary of is that contractions of fermlons that
are not beside each other will pick up a minus sign as we need to make them be beside each other for
the contraction.

e We will also need to define how the fermion fields contract with the ingoing and outgoing momenta.
To do this we follow the exact same approach we took in defining That is we pick a field 1 and
use it to act on the momentum state. Using our definition of v from

b@)Ip.s) = 0" (@) [p, ) -3 / TV (b (p)e ) 2B [0

V2Ey
= e "u’(p) |0) (8.16)

Where we have used the anti-commutation relations The contraction of ¢ with a momentum

ket can be defined in the same way resulting in ¥ (x)|p,s) = e?%v°(p) |0). There is a caveat to this
last definition in that it only holds if the ket 1) acts on is a anti-fermion as it needs to contain the
creation operator cp The opposite holds for contractions with the outgoing states. 1 must contract
with outgoing anti-fermions and ¢ with outgoing fermions.

e Often the exponentials of these contractions are dropped as all they lead to is momentum conservation
at each vertex of the diagram. The last rule we forgot to mention is that at each vertex we assign a
factor of —ig, where g is the coupling constant of the given theory. this just comes about as this factor
appears where ever we have a 4—current, i.e. wherever there is a vertex.

e We will summarize all the rules as follows, where here the dashed lines indicate the irreverent parts of
the diagrams:

— Fermion Propagator:

— o
V)il = e = R

— Vertices:

Tt = —ig
///
— External Fermions:
Y(x)lp,s) =u’(p) = (p,slp(z) =v°(p) = <
Y(a)|p,s) =°(p) = (p,slY(x) =a’(p) = —=
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9 QED Interactions

e We discussed at length in section [6] how to quantize the Electromagnetic field. We now would like to

discuss interactions of the electromagnetic field, particularly when we couple it to the spin half fermion
fields ¢ (i.e. electrons).

9.1

Coupling to Fermions

We saw in chapter |4 that there is a 4-current associated with the fermionic fields given by j¥ =
y*1p. In our study of electromagnetism we came across Maxwell’s equations for matter by including
an A,j" term in the Lagrangian. So it is natural to include the following interaction term to our
Hamiltonian:

Hing :/dgxd_}’yuwAu

There is actually another argument for adding such a term to our Lagrangian. We would like (for
reasons that I need to better explain at some point E[) for our Lagrangian to be locally U(1) gauge
invariant. This means that if we transform our fields under the action of the U(1) group then they
transform via ¢ — €*(®*)y), where a depending on z is what makes this a local symmetry. If we look
at the Lagrangian for the spin 1/2 fields which can be seen in the action L = p(iv*d, — m)y,
we can see that the term that poses a threat to local U(1) gauge invariance is the derivative term as
e_m(“”)ﬂ@u (eia(x)w) #* i@uw. This can be fixed in an elegant way. If we replace the derivative operator
by what is known as the gauge covariant dem'vatz'veig :

D, =0, +ieA,

Where A, is a four vector that conveniently transforms by A, — A, — %Gua. (which we know can
be true for the electromagnetic 4-vector as the physics is the same under such transformations.) With
this we can see that:

D,y — (0, +ieA, —id,a) @)y
= ¢ol@) (Ou +ieAy)

Which is exactly what we need for the term zZDM/J to be gauge invariant. With this we promote our
Dirac Lagrangian to:

L = 9(ir" Dy = m)p = (i7" — m)p — ey A,

Which is exactly the addition of the interaction term as promised! To fully incorporate A, into this
action we need to add some kinetic terms. Since we are pretty sure now that this is the electromagnetic
4-vector, all we need to do is add the Maxwell free field Lagrangian [6.1] This gives us finally the full
Lagrangian for QED:

1 _ _
LqED = —ZFWFW + (IO — m)p — epytp Ay,

1Gee a good discussion of thishere!
12The factor of e here is placed here a priori as it turns into the coupling constant later on
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9.2 Feynman Rules for QED

e We can use our knowledge of Feynman rules developed in the previous few chapters to write down the

Feynman rules for QED. We make use of

We can gather that this will go the same way as the other rules. We can define the contraction of an
A, field with itself as the following:

— T — 1130 0
Ao = { e A0l pp ey

Where ny(x —y) is the QED propagator defined in m The contractions of the A, fields with the
ingoing and outgoing momenta can be found in the exact same way as we found the external fermions
is the last chapter, but instead of the spinors u® and v® we get the polarization vectors €,(p) that
make up A,, in We actually extend these polarization vectors toﬁbecome polarization 4 vectors

L
by giving them an €® = 0 component. The contractions then give us A,|p) = €,(p) and (p|4, = €,(p)

Since we defined the Feynman rules for fermions at the end of the last chapter all that is left to do is
write down the rules for the different contractions of the A fields. There is also one small change to
the vertices in that along with the factor of —ie, they also have a v*. This then also means that the
other rules will contain some indices for contraction.

e All together the rules are (ignoring momentum conservation):
— Fermion Propagator:

[ — ) (~/H
V)il = e = )

— Photon Propagator:

A @A) = NN =

- p? + i€
— Vertices:
\\\\
e = eyt
///
— External Fermions:
P(@)lp,s) =u’(p) = (p,s[oo(x) =v*(p) = <
Y(x)lp,s) =v*(p) = (p,sl(z) = a’(p) = —

— External Photons:

[ — \ L -

A,lp) = e.(p) = NNl =cp) = N
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9.3 Trace Technology

Through out many calculations in QED the traces of various combinations of gamma matrices defined in
section We proved in section that the gamma matrices are trace-less. This can be further extended
to all odd combinations of gamma matrices, by using 7° instead of 4* in that proof, as {v°, 7"} = 0 El
Hence:

——
n=odd

For the even number of gamma matrices we can use their definition to manipulate and calculate their
traces. For example:

tr(y#y") = tr(2n"” - 1 —4"y*) = 8t — tr(y#4")
= tr(y"y") = 4!

Where we have to remember that the trace is over the spinor indices not the p, v indices. Similarly one can
show that:

tr (Vy"yPy7) = AT =" )

13This can be shown from the alternate definition of 4® as v° = —%euypg’yu’yu’yp’ys.
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