Statistical Thermodynamics
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” Put a cool quote here or your lame ”

-Thomas Brosnan



Contents

[L Concepts and Terminology | 4
[L.1  System macrostate] . . . . . . . . L 4
1.2 Quantum microstate |. . . . . . . .. Lo 4
1.3 Weakly coupled systems |. . . . . . . . . .. 4
.............................................. 4
[L5 Bosons and Fermions . . . . . . . . .. L 4
1.6 Probability of microstates| . . . . . . . . . .. 5
1.7  Ensemble average|. . . . . . . . .. e 5
1.8 Fundamental assumption of statistical thermodynamics| . . . . . . .. ... .. ... ... 5}

2 Entropy and Temperature 6
2.1 Physics Principle |. . . . . . . oo 6
2.2 Combined system|. . . . . . . . . L 6

[2.2.1 Entropy| . . . . . . o e 6

B Parti F x l 9
3.1 Probabilities| . . . . . . . .. 9
3.2 Partition function| . . . . . . . . . 10
3.3 Average Quantities| . . . . . . . .. L e e e e 10
3.4  Helmholtz free Energyl . . . . . . . . . . . o 11
3.0 Occupation statistics | . . . . . . . . . . . . 11
3.6 Fermi-Dirac statisticsl. . . . . . . . . ..o Lo 12
3.7 Bose-Finstein statisticsl. . . . . . . . . . .o 13
3.8  Maxwell Boltzmann distribution| . . . . . . . . . .. ... o o 13

4_Gases| 14
4.1 Ideal mono-atomic gas| . . . . . . . . . ... e e e 14




Statistical Thermodynamics 1 Concepts and Terminology

1.1

System macrostate

e Properties at large scale of the system when we know constraining thermodynamic parameters such

as P,V and T.

1.2

Quantum microstate

Each quantum state is a separate and distinct microstate of the system.

1.3

Weakly coupled systems

We assume weakly coupled systems. These are isolated systems such that the total macro-parameters
E,V, N, are constant. Weak coupling implies that the energy levels of a single particle are effectively
unchanged by particle interactions, but the interaction is sufficiently large to allow energy exchange.
This means that at equilibrium the system must have a common temperature.

This assumption makes the quantum mechanics involved easier, as coupled systems in quantum
mechanics can be quite complex where as simple systems like a gas of Hs can be solved analytically
(eigenvalues of vibration,rotation and translation).

1.4

Locality

Localised particles are particles that are restricted to a certain place like a lattice for example. This
way each particle of the lattice is distinguishable, i.e. it can be told apart from the other particles
in the gas due to its position. If particles in a system are non-localised they are indistinguishable.

1.5

Bosons and Fermions

In the case of indistinguishable particles we have two cases. Consider a two state system with
two single particle states (orbitals) a and b and a wave function ¥ describing the system. We
assume (weakly coupled systems ) that the particles are non-interacting so that we can write the
wavefunction as a product of the two states:

\11(172) = %(1)%(2) or \11(27 1) = ¢a(1)¢b(2) (1'1)

Where here there are two possibilities for the states as the particles are indistinguishable. Quantum
mechanics tells us that the wavefunction must be a linear combination of all the (equally likely thus
same amplitude) possible states , so we write:

W(1,2) oc Ya(1)Yn(2) £ Pa(1)1(2) (1.2)

The =+ here indicates the two possibilities with respect to particle exchange. If we swap two particles
and the system is symmetric (i.e. we get a +) then these particles are Bosons. And we can have
any number of them in a single state, as if the states a = b[1.2]is not 0.
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However if we swap two particles and the system is anti-symmetric (now we get a — sign) then the
particles are Fermions and we can only have one fermion per state, as is 0 if @ = b. This is the
Pauli exclusion principle.

1.6 Probability of microstates
e The probability of finding the system in a microstate [ is given by the number of times the system
was found in that microstate n(l) divided by the total number of states >, n(l) = r:
n(l
pay = ™M0 (1.3)
r
Note that this means ), P(l) = 1. This probability allows us to calculate average values of quanti-
ties. The average value of a quantity (A), is given by:
1
(4) => AP = ;ZA(l)n(l) (1.4)
! l
e To realize this property, observations must be on a time scale that is long in comparison with the
time for the system to randomize (come to equilibrium), known as the relazation time.
1.7 Ensemble average
e An ensemble average or thermal average is the average over a large number of replicas of the entire
system. A replica realizes one microstate of the system and it is the collection of replicas we call an
ensemble.
The ensemble can also be used to determine P(l), and is postulated to be equivalent to the time
sampling of a single system. This is essentially assuming the system is constantly jumping from
state to state, essentially randomly. This assumption that these two averages, over time and over
all possible states is known as the ergodic hypothesis.
1.8 Fundamental assumption of statistical thermodynamics

e A gystem in thermal equilibrium is equally likely to be in any of the microstates accessible to it.

e This is the assumption of equal a priori probabilities.
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2.1

Physics Principle

e Using the postulate we had earlier of a priori probabilities, we can say that since the system is

equally likely to be any state then and assuming our system moves randomly from one microstate
to the next, then it it is far more likely for the system, when not in equilibrium to evolve towards
a state with higher number of microstates ) as there are just more of them The system has more
ways of arriving at those scenarios then the ones with smaller 2.

Another way of seeing that the most probable macrostate is indeed the one realised by the maximum
number of microstates is because this is where the system spends most its time, as it is far more likely
to jump to a state with large €). This is what we meant by the ergodic hypothesis. This essentially
coincides with the definition of equilibrium, the system spends most it’s time where there are a lot
of states.

In the next section Cross uses a specific spin system example to introduce entropy but we don’t
need to do that we can keep it more general as Manuela did in the Statistical Physics I modal. The
following few sections are taken from my note from that class.

2.2

Combined system

Consider an isolated system split, by a partition into two subsystems, 1 and 2 (with out loss of
generality we can say that the system 1 is larger than 2). The systems have there own thermo-
dynamic variables F1, V1, N1 and Es, Vs, No, respectively. The system is in equilibrium. At some
point we allow energy exchange between the to systems. The two systems can now be considered
one, described by the quantities £,V and N, where E = E; + E5. The number of microstates for
this system is now:

Q(E1, Ey,V,N) = Qi (Ey, Vi, N1)Qa(E2, Va, Na) (2.1)

This is because fundamentally 2 tells us how many different configurations of the system there are
that result in the same energy, but system 1 and 2 are independent so naturally, the amount of
different configurations is the product of the number of configurations of each subsystem.

2.2.1 Entropy

e Now we return to our two systems that have just been allowed to exchange energy. We want to

know how F; and consequently Fo = FE — FEj, change as the system moves to a new equilibrium
position. We know that we have to maximise the number of microstates 2 = €9, so if E] and
E5 = E — E7 are the values of the energy’s at equilibrium. Then taking the derivative of {2 = 212>
with respect to E1, we must have that:

0,0 o 92 90

4202 —0 2.2
O | py_p: | OB\ OB p,_p, (2:2)
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Now g—% = —1as Fy = E — E1, so we can divide this equation by 21 to get:
1 00 1 099 _0
Oy 0F Ei—E; Q9 OF, Ea—Ej 23)
8ln(Ql) . 8111(92) .
OE1 |p,— E 0Ey |p,— E:
e We can now introduce the quantity § = Bglgz) , So that the above equation can be
E=E;+E}

written as 81 = f#. We know that in thermodynamics equilibrium between two systems is reached
when their temperatures are the same 77 = T5. Naively we might say § o< T, but if we remember
that temperature is defined as T = g—g, then looking at the definition of 3, it makes much more
sense to write 8 o % as now at equilibrium:

s 1 . 9ln(Q)

95~ 77" op (24)

From the left most and right most expressions we can get an expression for entropy! If we denote

the constant of proportionality between § and T as 1/k, i.e. § = ﬁ, Then entropy can be written
as:

S = k1n(Q) (2.5)

This expression makes sense as if adding two systems together results in the number of microstates
being the product of the original two systems €)’s, then the natural way to turn this into entropy
would be a function that separates products into sums, as entropy of two systems add together,
its an extensive variable. The most suitable function for this task is naturally the logarithm. The
constant of proportionality here k, is Boltzmann’s constant.

e We can repeat this experiment, now allowing particles to be exchanged so that N may vary too.
This means that we have a similar extra expression:

aln(Ql) o ah’l(ﬂg)

— = —Fn 2.6
Nt |yn: | 0N |y (2.6)

Again we know from thermodynamics that the system is at equilibrium when the values (T, ) are
the same for both subsystems. So we must have that the following two equations are equivalent:

| 1
ﬂmmnzangE+a;§MN
s 9 § (2.7)
= % T ™

Which is true if we have S = k1n(Q2). If we have a system that is only changing particles, Since we
can write dS = 1/TdE — PdV + pdN, if V and E are constant such that dE = dV = 0, then we

-7 -
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have that

)

This happens in chemical reactions.
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3 Partition functions

3.1 Probabilities

e We consider two systems in both thermal and diffusive (particle exchange) contact, one system is

a reservoir and the other is far smaller in scale. We consider members of an ensemble comprising
identical replicas of the system + reservoir, one copy for each quantum state of the combination.
The system plus reservoir have total number of particles Ny and internal energy FEj.

The probability of the system being in a single microstate ¢ with particle number N; and energy F;
is proportional to the number of microstates Q(E, N). Since we have fixed the system in a single
microstate ¢ Qgystem (Fi, N;) = 1, the number of microstates of the reservoir is Qreservoir (Eo — Ei, No—
N;). The number of microstates of the total volume is the product of the number of microstates of
these two smaller systems, as we saw in So we can write the probability of the system having
a microstate with F;, N; as:

P(Ez’ Nz) X ststem(Ei; Ni)Qreservoir(EO - Ei7 NO - Nz) = Qreservoir(E‘O - Ei: NO - Nz)

(3.1)
Then using Q = /% as per we can write the relative probability (we will worry about the
pre-factors later) of two states with E;, N; and E;, N; respectively as:

P(E;, N, 8i—5;
(B N) _ 5 (3.2)
P(EJ7NJ)
We can then perform a taylor expansion around N = Ny and E = Ej as g—é, % << 1 as the system
is much smaller then the reservoir. of these entropys as they are of the form S;(Ey — E;, Ng — N;):
0S(Ey — F;, Ng — N; 0S(Ey — E;, Ng — N;
Si(Eo — s, No— Ny) ~ S(E, No) + ;220 =N 95 0= Ni)
oF; Bi=0 ON; N,=0
(3.3)
We can note that:
0S(Eo — Ey) _8S(E0 — Ep) @ 1
OF, Fi=0 d(Eo — E) p—o OE T (3.4)
dS(Ny — N1) __8S(N0—N1) B ﬁ_ 14 '
0Ny N;=0 d(No — Ny) N ON T
So we can write:
1
Si(Eo — Ei, No — N;)—S;(Eo — Ei, No — N;) =~ (E; — Ej)f + (IN; — Nj)%
P(E;,N;)  eWNw—E)/kT (3.5)
P(EJ Nj) o e(NjN—Ej)/kT

9.
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3.2 Partition function

e We now know the form of P(E;, N;), we just have to normalize it to get the prefactor which we call
1/Z. This means that summing the probability over all possible energies and all possible particle
numbers, is equal to one:

T

N=0in (3.6)

= Z(T,V,n) = ZZ@ S

N=0 in

This is the Grand-Canonical partition function. If we have a system that is only exchanging energy,
then p = 0 and this reduces to:

2N = 3 Y e (3.7)

N=0 in

The iy in these equations means we sum over all the possible energies all the particles (There are
N of them) could have.

3.3 Average Quantities

e Any average quantity of the system can now be expressed with the following. Consider a quantity
A, its average for the entire system (A) is given by:

PPN 35)

N=0 iy

For example the average energy of the system (E;) is:

— % i ZEieﬁ(Nm—Ei)

N=0 in

= _E% Z Ze Nip—FE;) | _ % i ZNiMe/B(NiM—Ei)

N=0 iy N=0 iy (3.9)

_ mn /‘ZZNﬂ(MM Ey)

N=0 iy
_8ln(Z) N p9n(Z)
op 8 ou

Where g = 1/kT.

-10 -
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3 Partition functions

3.4 Helmholtz free Energy

e If we consider the canonical partition function Z(T,V, N), it can be easily expressed as Z(,V, N).
) = E, i.e. the energy of the system is approximately
the same as the average energy. Then we get the following differential for d1n(Z2):

In the thermodynamic limit we have the (E

_ 0In(Z2) JIn(2) 0In(Z)
dln(Z) = a5 ag + Ve av + N dN
= —FEdp + 81;1‘(/Z)dV + 81(;1](\72) dN
oIn(Z) . 9(Z) (3.10)
= BdE — d(Ep) + FYa av + N dN
1 0In(2) 0In(Z)
E=—(d(n(Z E) - - N
=d ﬂ(d(n( )+ BE) e av N d
But we have in the thermodynamic limit that dE = T'dS — PdV — udN, so:
TdS = Ld(in(2) + BE)
b (3.11)

:>S:kln(Z)+%+C

The value of C' can be determined by considering the Third law of thermodynamics, i.e. in limit as
T — 0. In this limit the entropy becomes Sy = kIn(£), where Qg is the ground state degeneracy.
The partition function in this limit goes to Zy = Qpe ¥ = kIn(Zy) = kIn(Q0) — £2 so we can
say C'= (0. We can then recognise the Helmholtz free energy as F' = E — T'S so:

F = —kTn(Z) (3.12)

3.5

Occupation statistics

We consider a system of N particles (orbitals) in thermal and diffusive contact with a reservoir. A
single particle can take energies ¢y < €; < .... At any such energy ¢; there are n; particles. We call
this the occupation number. The total number of particles can then be expressed as N = > 2, n; "V,
and the total energy as E,, = > oo n/"e;, this is the r'!, N-particle state in order of energy
ry =0,1,2, ... as each N-particle state can have a number of values of total energy. We then write

down our Grand canonical partition function with these constraints:

Z(T,V,u) = ZZeNM ==
N=0 rN
o oo (3.13)
_ Zz 1 M Zz 0"y Z)
= exp(

- 11 -
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Now summing over all possible number of particles in the system and all possible energies those
systems could have is the same as summing over all possible occupation numbers each state ¢; could
have. This allows us to write:

s N

s ng(p—eqg) s ny(p—eq)
Z(T,V,u) = ( eW) (Z e%’:ﬁ)
no=0 n1=0

(3.14)

e Now we look at a single energy state corresponding to the energy ¢;. The total partition function
can be separated into the product of the single state partition functions Z = [[;2, Z;. The total
probability can also be written as the product of the probability for each energy state, P(N,r) =
[1:2o Pi(ni), as each must be happening at the same time. These P;(n;) are probability distribution
functions and take the following form:

1 nie—ep)
H(nz> = Ze ZT
i
ni(h—e;) (3'15)
kT

(o]
where Z; = Z e

n;=0

3.6 Fermi-Dirac statistics

e Now we can turn to quantum mechanics, here the occupancy n; of state i depends on weather the
particles are Fermions or Bosons. If they are fermions they must obey the Pauli exclusion principle,
we can have no more then one particle at each energy ¢; so n; = 1,2. This means the partition
function becomes:

(h—¢4)
Zi=1l+te ukT (3.16)

Naturally the quantity of interest is then the average occupancy of each energy state i. This is given
by:

= 1 — ng(p—e;) KT 0 o= niu—c) 0ln(Z;)
n;) = n;P;(n;) = — nie~ FT = ——— e ¥ =kT—F1(— 3.17
vl r;::o ) Zi;o Zi a'u,g::o O S
So for our fermions:
(k—¢)
in(e)) = kUKD T L (3.18)
) (e—p)
1+e#T 1+e®r

- 12 -
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3 Partition functions

3.7 Bose-Einstein statistics

e Here we look at Bosons which can have any number of particles in each state.

This means Z; takes the form:

e n(y,e > (n—e;) 1
z_: z_:(e kT) (k—e5)

1 —e &T

So the average occupancy of each energy state ¢ is:

(n(e)) = kT@ln(Zi) T (1/k:T)(i IZ)T _ (ewl)
a:u 1 —e &T ekt —1

Where we have to limit ourselves to € > u, to use the geometric series result.

Hence, n; = 1,2, ....

(3.19)

(3.20)

We expect microscopically observable differences in behaviour between Bostons and Fermions in the

region € ~ y :the quantum regime.

3.8

Maxwell Boltzmann distribution

Classical statistics produces the Maxwell Boltzmann, here there are no quantum considerations, i.e.
no Pauli exclusion principle and sums of energies become integrals. Here the average occupancy

takes the form:

(3.21)

It can be seen nicely that in the high energy limit € >> p, i.e. the classical limit both the quantum
(e—p)
distributions have e #7~ >> 1 and thus both reduce to the Maxwell Boltzmann distribution. This

can be seen in the Figure [I] below.

3 T T T
Bose-Einstein

Maxwell-Boltzmann
Fermi-Dirac

(n)

Figure 1: All three distributions

- 13-
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4.1 Ideal mono-atomic gas

o We would like to be able to calculate the entropy of a mono-atomic gas. To do this we start with a
particle in a box of volume V = L3. Analyzing this system with the Schrodinger equation we find
that the energy of the particle is given by € = %(n +n3 +n?). If we then look at the partition
function for this single particle we can make the approximation that these energy levels are very

close together for typical values of m and L:

Z = ZZZe T N/ / / e denxdnydnz

e 3/ (4.1)
2mmkT
— Zy=V (—h2 )
For simplicity we usually call % = % = n. the number of particles per unit volume, and (27”};"#)3/ ’ -

ng the quantum concentration as it can be shown this is equivalent to one atom in a cube with side
length of the de Broglie wavelength \ = % and € = %kT. This all means Zg = Z—‘z.

e If we then have IV particles in our box we know the sum over all occupation states, given for Maxwell
Boltzmann by This tells us:

p—e —€;
N = g elcTZ—ekTZ()g eTTZ:eﬁZO

n (4.2)
= u=kTIn(=)
Nq
As ]‘\// = n.. We can then use this to solve for the Helmholtz free energy as p = (B—E)TV, SO
N n
F= / kT ln( YN = kTN (111 — - 1) (4.3)
0 Ng Nq

We could also stick to sums and say F' = kT 27]2[21 In(N) — kTN In(nqgV'). Then using the approxi-
mation >N In(N) ~ fON In(N)dN = NIn(N) — N = In(N!). Which means that:

zy zy
F=—kTh [%] = 7= % (4.4)

‘Which is expected.

- 14 -



Statistical Thermodynamics 4  Gases

- 15 -



	Concepts and Terminology 
	System macrostate
	Quantum microstate 
	Weakly coupled systems 
	Locality
	Bosons and Fermions
	Probability of microstates
	Ensemble average
	Fundamental assumption of statistical thermodynamics

	Entropy and Temperature
	Physics Principle 
	Combined system
	Entropy


	Partition functions 
	Probabilities 
	Partition function 
	Average Quantities
	Helmholtz free Energy
	Occupation statistics 
	Fermi-Dirac statistics
	Bose-Einstein statistics
	Maxwell Boltzmann distribution 

	Gases
	Ideal mono-atomic gas


